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PREFACE. 



This book contains the substance of my lectures to the Senior Class 
in Civil Engineering, in the University, during the past few years, on 
the Hesistance of Materials, The chief aim has been to present the 
theories as they exist at the present time. The subject is necessarily 
an experimental one, and any theory which has not the results of ex- 
periments for its foundation is valueless. I have therefore presented 
the results of a few experiments under each head, as they have been 
obtained in various parts of the world, that the student may judge 
for himself whether the theory is well founded or not. It is hoped 
that this part of the work will be valuable to the practical man. 

The descriptive parts are given more fully here than they were in 
the lectures, because they can be consulted more profitably on the 
printed page than they could in the manuscript, and will be examined 
more by the general reader than the mathematical part. But, on the 
other hand, the mathematical part is much more condensed here than 
it was in the class-room. This was done so as to keep the work in as 
small a space as possible; and also because a student is supposed to 
have time for deliberate study, and can take time to overcome his dif- 
ficulties and secure his results. It is intended, however, in the next 
edition, to publish an appendix, in order to explain the more difficult 
mathematical operations of the text. 

I have taken special pains to make frequent references to other 
books and reports from which I have secured information. This will 
enable any one to verify more fully the positions which have been 
taken, and will be convenient for those who desire to secure a more 
thorough knowledge of any particular topic. 

I do not deem it necessary to indicate those topics which are wholly 
original. To the reader who has never before given the subject any 
attention, all will be new ; and the well-informed reader will readily 
detect what is original. 

A large amount of labor and study has been given to this subject 
in nearly all civilized countries, and yet the theories in regard to re- 
sistance from transverse stress are not very satisfactory. In regard 
to the strength of rectangular beams, the " Common Theory," as I 
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have called it, is sufficiently correct for ordinary practical purposes, 
especially if the TnoduLus of ruptwre^ as determined by direct experi- 
ment upon rectangular beams of the same material, be used. Bar- 
low's "Theory of Flexure" appears to be more nearly correct in 
theory when applied to rectangular beams and beams of the I section, 
or other forms which are symmetrical in reference to the neutral axis. 
But when the sections are irregular none of the theories can be relied 
upon for securing correct results. Whatever theory may yet do for us, 
it is quite evident that no theory will ever be devised, of practical 
value, which will be applicable to the infinite variety of forms of 
beams which are or may be used in the mechanic arts. That I may 
not be misunderstood upon this point, I will be more specific. We 
know that our present theories do not always give correct results, and 
that the more irregular the form the greater the discrepancy between 
the actual and computed strengths of a beam. Now, if a theory is 
ever devised which will take into account all the conditions of strains 
in a beam, I think it will be too complicated to be of practical value 
to the mechanic. I do not desire by this remark to disparage theory! 
Theories are valuable. Without them we would make little or no 
progress. Fortunately for the engineer, it is not the mathematically 
exact result that he desires, but the reliable result. He does not so 
much desire to know that one pound more of load will break his 
structure, as he does that he may depend upon it to carry from four 
to six times the load whibhhe intends to put upon it. The theories, as 
now developed, are safe guides to the mechanic and engineer ; still we 
learn to depend more and more upon direct experiment. The theory 
also in regard to the deflection of beams under a transverse strain, 
has recently received a modification, due to a consideration of the 
effect of transverse shearing ; but the modification is sustained both 
from mathematical and experimental considerations. May not more 
careful experiments yet teach uh that it must be still further modified 
on account of the longitudinal shearing strain? 

The author will be pleased to receive the results of experiments 
which have been made in this country, so that, if this work is revised 
in the future, it may be made more profitable to the engineering 
profession. 

Ann Abbor, Mich., S^i.^ 1871. 
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INTEODUCTIOK 

!• IN PROPORTIONING ANT IIIBOHANTCAI4 STRUCTURB, 

there are at least two general problems to be considered : — 

1st. The nature and magnitude of the forces which are to be 
applied to the structure, such as moving loads, dead weights, 
force of the wind, etc. ; and, 

2d. The proper distribution and magnitude of the parta 
which are to compose the structure, so as to successfully resist 
the applied forces. 

These problems are independent of each other. The former 
may be solved without any reference to the latter, as the struc- 
ture may be considered as composed of rigid right lines. The 
latter depends principally upon the mechanical properties of 
the materials which compose the structure, such as their strength, 
stiffness, and elasticity, under various circumstances. 

The mechanical properties of the principal materials — wood, 
stone, and iron * — ^have been determined with great care and 
expense by different experimenters, both in this and foreign 
countries, to which reference will hereafter be made. 



• The properties of mortals have been thoroughly discussed by Gen. Q. A. 
Gibaaoxe in his work on Limes, Mortars, and Cements. 1862. 
1 
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3, DBFINITIONS OF TBRAIS. 

Stresses are the forces which are applied to bodies to bring 
into action their elastic and cohesive properties. These forces 
cause alterations of the forms of the bodies upon which they 
act. 

Strain is a name given to the kind of alterations produced by 
the stresses. The distinction J)etween stress and strain is not 
always observed ; one being used for the other. One of the 
definitions given by lexicographers for stress^ is strain ; and in- 
asmuch as the kind of distortion at once calls to mind the 
manner in which the force acts, it is not essential for our pur- 
pose that the distinction should always be made. 

A Tensile Stress, or PtHl^ is a force which tends to elongate 
a piece, and produces a strain of extension, or tensUe strain. 

A Compressive Stress, or Push^ tends to shorten the piece, 
and produces a cornpresswe strain. 

Transverse Stress acts transvereely to the piece, tendinjg to 
bend it, and produces a tending strain. But as a compressive 
stress sometimes causes bending, we call the former a transverse 
strain, for it thus indicates the character of the stress which 
produces it. Bea/ms are generally subjected to transverse 
strains. 

Torsive Stress causes a twisting of the body by acting tan- 
gentially, and produces a torsive strain. 

LoNorruDiNAL Shearing Stress, sometimes called a detru- 
sive strain, acts longitudinally in a fibrous body, tending to draw 
one part of a solid substance over another part of it ; as, for 

instance, in attempting to draw the piece A B, 
Fig. 1, which has a shoulder, through the mortise 
C, the part forming the shoulder will be forced 
longitudinally off from the body of the piece, 
so that the renlaining part may be drawn 
through. 
Transverse Shearing Strbee ie a force which acts trans- 
versely, tending to force one part of a solid body over the adja- 
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cent part. It acts like a pair of shears. It is the stress which 
would break a tenon from the body of a beam, by acting per- 
pendicular to the side of the beam and close to the tenon. It 
is the stress which shears large bars of iron transversely, so 
often seen in machine-shops. The applied and resisting forces 
act in parallel planes, which are very near each other. 

Splittino Stress, as when the forces act normally like a 
wedge, tending to split the piece. 

3« T0B EFFBCT OF THESB STRESSES IS TWOFOIiD x- 

Ist. Within certain limits they only produce change of form ; 
and, 2d, if they be sufficiently great they will produce rupture, 
or separation of the parts ; and these two conditions give rise 
to two general problems under the resistance of materials, the 
former of which we shall call the problem of Elastic Resist- 
ance; the latter, Ultimate Resistance, or Resistance to 
Rupture. 

4« generai« principles of elastic resist an ces.-« 

To determine the laws of elasticity we must resort to experi- 
ment. Bars or rods of different materials have been subjected 
to different strains, and their effects carefully noted. 

From such experiments, made on a great variety of materials, 
and with apparatus which enabled the experimenter to observe 
very minute changes, it has been found that, whatever be the 
physical structure of the materials, whether fibrous, or granu- 
lar, they possess certain general properties, among which are 
the following : — 

1st. That all bodies are elastic, and within very small limits 
they may be considered perfectly elastic ; i. e,, if the particles 
of a body be displaced any amount within these limits they will, 
when the displacing force is removed, return to the same posi 
tion in the mass that they occupied before the displacement 
This limit is called the Umit of perfect elasticity.'^ 

* Mr. Hodgkinson made some experiments to prove that all bodies are non- 
elastic. (See Cml Eng. and Arch. Jour. vol. vl, p. 354.) He fonnd that the 
limits of perfect elasticity were exceedingly small, and inferred that if our 
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2d. The amount of digplacement within the elastic limit is 
directlj proportional to the force which prodnces it It follows 
from this, that in any prismatic bar the force which produces 
compression or extension, divided by the amount of extension or 
compression, will be a constant quantity. 

3d. If the displacement be carried a little beyond this limit 
the particles will not return to their former position when the 
displacing force is removed, but a part or all of the displace- 
ment will be permanent This Mr. Hodgldnson called a 9etj a 
term which is now used by all writers upon this subject 

4th. The amount of displacement is not exactly, but nearly, 
proportional to die applied force considerably beyond the elastic 
limit 

5th. Great strains, producing great sets, impair the elasticity. 

S. COBFFICISIfT (OB HOIIITI.178^ OF KI.A8TICITT. 

if a pnsmatic bar, whose section and length are 
unity, be compressed or elongated any amount with- 
in the elastic limit, die quotient obtained by 
dividing the force which produces the displacement 
by the amount of compression or extension is called 
the Coefficient of ELASxicrrr* This we call E. 
Let K=Bection of a prismatic bar (See Fig. 2), 
Z=it8 length. 

Fie. S. 





poweiB of observation were perfect in kind and infinite in degree, we ahonld 
find that no body was perfectly elastic even for the smallest amount of dis- 
placement. And although more recent experiments have indicated the same 
resnlt in cast-icon, yet the most delicate experiments have failed to thoroughly 
establish it. I have, therefore, accepted the princii>le of perfect elasticity, 
whidi, for the purposes of this work, is practically, if not theoretically, correct 
It does not appear from Mr. Hodgkinson^s report how soon the effect was 
obeerred after the strain was remoyed. If he had allowed considerable time 
the »et might haye disappeared, as it is evident that it takes time for the dis- 
placed particles to return to their original position. 

* The terms coefficient and modulus are used indiscriminately for the con- 
stants which enter eqnationB in the discussion of physical problems, and are 
sometimes called phifsicod constants. The modulus of elasticily, as nsed by 
most writers on Analytici^ Mechanics, is the ratio of the force of restitation to 
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and A=the elongation or compression caused by a force, P, 
which is applied longitudinally. Then 
g=f6rce on a unit of section, and 

-=the elongation or compression for a unit of length. 
Hence, from the definition given above, we have 

^ = £ -^ 7 = i; (1) 

From this equation E may be easily found. It will here- 
after be shown that the coefficient is not exactly, but is nearly 
the same for compression as for tension. 

For values of E, see Appendix, Table 1. 

6. PROOFS OF TUB ImAVTB GITBN Ilf ARTICI^E FOItR.— 

Article 5 has preceded these proofs, so as to show how the results 
of experiments may be reduced by equation (1). The 1st and 2d 
laws seem first to have been proved by S. Gravesend, since which 
they have been confirmed by numerous experimenters* One of 
the most extensive and reliable series of experiments upon various 
substances for engineering purposes is given in " The Eeport of 
Her Majesty's Commissioners, made under the direction of Mn 
Eaton Hodgkinson." The results of his experiments are pub- 
lished in the Reports of the British Association, and in the 5th 
volume of the Proceedings of the Manchester Literary and 
Philosophical Society, from which extracts have been made 
and to which we shall have occasion to refer. The experiments 
were made not only to prove these laws but several others, 
principally relating to transverse strength. 

Barlow made many experiments, the results of which are given 
in his valuable work on the " Strength of Materials." The series 
of experiments on iron which had been commenced and so ably 



that of compression. It relates to the impact of bodies, and, as thtis defined, 
depends upon the set. But the eoeffideni of elasticity depends neither npon 
impact nor set. Another term shonld therefore be nsed, or else a distinction 
should be made between the terms eoeffident and modtUua, so that the former 
shall apply to small displacements, and the latter to the relative force of rest!- 
tntion. For this reason I have nsed the former in this work, and avoided the 
latter when applied to elasticity. 



6 THE BESISTANOE OF MATERIALS. 

conducted by Mr. Hodgkinson were continued by Mr. Fairbaim. 
The latter confined his experiments mostly to transverse strength, 
the results of which are given in his valuable work on " Cast 
and Wrought Iron." A valuable set of experiments has been 
made in France at "le Conservatoire des Arts et Metiers."* 

In this country several very valuable sets of experiments have 
been made, among the most important of which are the experi- 
ments of the Sub-Committee of the Franklin Institute, the re- 
sults of which are published in the 19th and 20th volimies of 
the Journal of that Society, commencing on the 73d page of the 
former volume. The experiments were made upon boiler iron, 
but they developed many properties common to all wrought 
iron. They were conducted with great care and scientific skill. 
The report gives a description of the testing machine; the 
manner of determining its friction and elasticity ; the modifica- 
tions for use in high temperature ; the manner of determining 
the latent and specific heats of iron ; and the strength of differ- 
ent metals under a variety of circumstances. 

Another very valuable set of experiments was made by Cap- 
tain T. J. Kodman and Major W. Wade, upon "Metals for 
Cannon, under the direction of the United States Ordnance 
Department," and published by order of the Secretary of War. 

Numerous other experiments of a limited character have 
been made, too many of which have been lost to science be- 
cause they were not reported to scientific journals, and many 
others were of too rude a character to be very valuable. 

The results of these experiments will form the basis of our 
theories and analysis. 

* See ^^Morin^s Kesistance des Materiaux,^^ p. 126. 
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CHAPTER I. 



TENSION. 



7» TAKING THE PHBNOIKEENA IN TJHBIR NATFRAIi OB- 

BBK, the first thing which claims attention is the elastic re- 
sistance due to tension, or, as it is sometimes called, a pull, or 
elongating force. 

EXPERIMENTS ON WROUGHT IRON. 



Experiments for determining the total eiUmgation and permanefU dongation pro- 
diioed hy differerU weights acting by extension on a tie of toroughi iron of 
the best guoMty^ hy Eaton Hodgkmson. 



Weight in 

kilogrammes per eqnare 

centimetre. 

P. 


Elongation per 


metre of length. 


Coefficient of 

elasticity 

per square metre. 

B. 


TotaL A. 


Permanent. 


KiL 

187.429 


0.000082117 


Mill. 


Kil. 

22 824 500 000 


374.930 


0.000185261 




20 216 200 000 


563.406 


0.000288704 


0.00254 


19 824 100 000 


749.456 


0.000379467 


0.0033894 


19 704 000 000 


937.430 


0.000475113 


0.0042398 


19 729 909 000 


1124.813 


0.000570792 


0.00508 


19 706 000 000 


1312.283 


^0.000665647 


0.0067705 


19 714 600 000 


1499.720 


0.000760311 


0.0100879 


19 320 300 000 


1687.219 


0.000873265 


0.03302a3 


19 320 700 000 


1874.645 


0.001012911 


0.0829955 


18 398 100 000 


2063.580 


0.001283361 


0.2616950 


16 079 200 000 


2249.627 


0.002227205 






2403.653 


0.004287185 , 


3.0709900 


5 606 590 000 


2624.564 


0.009156490 


8.4690700 


2 866 380 000 


• •••••• 


0.009950970 


8.5748700 




2812.033 


0.010492805 


9.1023600 


2 681 520 000 


Repeated after 1 hour. 

u 3 u 


0.011750313 
0.011858889 








u a 3 u 


0.011933837 






" " 4 " 


0.011942168 






" ** 5 " 


0.011958835 
0.011967149 






U U Q u 


• •• ••• 


" " 7 " 


0.012027114 
0.012027014 






u 8 " 
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THE BB8IBTAKCK Or HATBBIAL8. 



KXPEBiMENTB ON WROUGHT IRON. — Continued. 



Weight In 


ElongatioD per metre of length. 


Coeflldent of 


kilogrammes per nquare 
oentimeti.'e. 






elAfltidtT 








P. 


TotaL A. 


Fennanenl 


E. 


Kil. 


M. 


MiU. 


Kil. J 


Repeated after 9 hours. 


0.012027114 






t< U IQ (i 


0.012027114 






2999.600 


0.017888263 


16.6145 


1 676 820 000 


2999.500 


0.019478898 

0.01984831 

0.02022006 


18.4212 
18.8886 








••••••« 




8186. 97& 


0.02148590 
0.02169401 
0.02170242 


19.7954 


1483 290 000 


• • • • ... 


0.02170242 


22.0119 




8874.440 


0.02477441 
0.02514184 


22.7067 


1 362 020.000 


••••••• 


0.02522612 






8561.900 


0.03493642 
0.03519357 


82.8201 


1 019 680 000 


••••.*. 


0.08520190 






8745.861 















This table is given in French units because it was more con- 
venient.* 

8. THB RBsi7i<TS OF THBSB BXPERiMBNTs may bc re- 
presented graphically by taking, as has been done in Fig. 3, the 
total elongations or the permanent elongations for abscissas and 
the weights for ordinates. 

* To reduce the Frenoh measares to Eng^lish we have the following relations : — 

Linear Mbasttbb. 

8.2808992 feet = 1 metre. 
0.0828089 feet = 1 centimetre. 
0.0032808 feet = 1 millimetre. 
0.0398696 in. = 1 millimetre. 

Wbight. 

2.20462 lbs. avoird. = 1 kilogramme. 

1422.28 lbs. pr. sq. in. = 1 kilog. to the sq. millimetre. 

0.00142228 lbs. sq. in. =1 kilog. pr. sq. metre. 

Hence to reduce the above quantities to English units, multiply the numbers 
in the first column by 14.2228 to reduce them to pounds avoirdupois per square 
inch; those in the second column by 3.28089+ to reduce them to feet; the 
third by 0.03936+ to reduce them to inches ; and the fourth by 0.00142228 to 
reduce them to pounds per square inch. 
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TVlien the constnictioii is made on a large scale it makes the 
results of the experiments very evident 

An examina- sboo 
tion of Fig. 3 
shows : — 

Ist. That to a 
load of 1499.72 

1 •! 2400 

KiL pr. square 
centimetre, the 2000 
total elongations 
are practically 
proportional to ^qq 
the loads ; 

2d. That with- 
in the same lim- 
its the perma- 
nent elongations 
are nearly pro- 
portional to the loads, and that they are exceedingly small ; 

3d. That beyond the load of 14.997 kil. to 22.00 kil. per 
square millimetre, the total and permanent elongations increase 
very rapidly and more than proportional to the loads ; 

4th. That near and beyond 22.49 kil. per square millimetre, 
the total elongations become sensibly proportional to the loads, 
but in a much greater ratio than that which corresponds to small 
loads. For the loads near rupture the elongations are a little 
inferior to that indicated by the new proportion. 

5th. Beyond 14.99 kil. per square millimetre, the permanent 
elongations increase much more rapidly than the total elonga- 
tions. We also observe that the permanent elongations increase 
with the duration of the load, although very slowly. The latter 

property will be more particularly noticed hereafter. 

p 
6th. Finally, the values — of the loads per square metre to 

the elongation per metre, and which is called the coefficient of 
elasticity J is sensibly constant when the elongations are nearly 
proportional to the loads ; and that the mean value is 
E = 19,816,440,000 kil. per square metre ; 
= 28,283,000 lbs. per square inch. 

The first value of E, in the table, is much larger, and may 
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have resulted from an erroneous measurement of the exceed- 
ingly small total elongation. From the experiments made on 
another bar, Hodgkinson found 

E = 19,359,458,600 kil. per sq. metre ; 
= 27,700,000 pounds pr. square inch ; 
which is but little less than the preceding. 

Mr. Hodgkinson infers from these experiments that the small- 
est strains cause a permanent elongation. But Morin for- 
cibly remarks * that none of these experimenters appear to have 
verified whether time, after the strains are removed, will not 
cause the permanent elongations to disappear. Also that the 
deflections of the machine cannot be wholly eliminated, and 
hence appear to increase the true result. In practice such small 
permanent elongations may be omitted. 

The preceding example has, for a long time, been given to 
show the law of relation between the applied force and the 
total and permanent elongations ; but we should not expect to 
find exactly the same results for all kinds of iron. Even wrought 
iron has such a variety of qualities, depending upon the ore of 
which it is made, and the process of manufacture, that it cannot 
be expected that the above results will always be applicable to 
it. Only a wide range of experiments will determine how far 
they may generally be relied upon. 

It is found, however, that the general results of extension, 
of set, of increased elongation with the duration of the stress 
within certain limits, and of the increase of set with the in- 
crease of load, are true of all kinds of iron. 

experiments upon cast iron. 
9. tbos following bxperiioebnts upon cast iron show 
that the numerical relation between the applied force and the 
extension is somewhat different from the preceding. The expe- 
riments were made imder the supervision of Captain T. J. Rod- 
man: — t 

<< The spedmens had collans left on them at a distance of thirtij-fiYe inches 



* Morm's Rdsistaace des Mat^riatix, p. 10. 

f Experiments on Metals for Gannon, by Oapt. T. J. Rodman, p. 167. 

For a full description of the testingf apparatus, with diagrams, see Major 
Waders Report on the Strength of Materials for Cannon, pp. 305-315. The 
machine consists prindpallj of a yery substantial frame and levers resting on 
knife edges. 



TSNSIOK. 



11 



i9«rti, the qMMje betwMn tibe odUsn bdbair aooomtely tamed throughout to a 
Tuiif ozm diameter. 

** The spaoe between the ooUan was Bnrroonded by a cast-iron sheath, eight- 
tenths of an inch less in length than the distance between the collars ; it was 
pnt on in halyes and held in position l^ bands, and was of sufficient interior 
diameter to move freely on the specimen. 

'^ When in position, the lower end of the sheath rested on the lower collar of 
the specimen, the space between its npper end and the upper collar being sup- 
plied with and accurately measured by a graduated scale tapered 0.01 of an inch 
to one inch. 

*' The npper end of the sheath was mounted with a vernier, and the scale 
was graduated to the tenth of an inch. 

^^ This afforded means of measuring the changes of distance between the 
ooUars to the ten-thousandth part of an inch, and these readings divided by the 
distance between the collars gave the extension per inch in length as recorded 
in the following table : — 

TABLE 
Shewing the extension and permanent set per inch in lenffth caused by the under- 
mentioned weights, per square inch of section, acting upon a soUd cylinder 85 
inches long and 1.866 inches diameter, {Cast at the West Point Foundry m 

1857.) 



Weight per 

square inch of 

section. 


Extension per inch of 
length. 


Permanent set per inch 
in length. 


Coefficient of 
elasticity. 


P. 


A. 




B. 


lbs. 

1,000 
2,000 
8,000 
4,000 
5,000 

6,oeo 

7,000 
8,000 
9,000 
10,000 
11,000 
12,000 
18,000 
14,000 
15,000 
16,000 
17,000 
18,000 
19,000 
20,000 
21,000 
22,000 
28,000 
24,000 
' 25,000 
26,000 


in. 

0.0000611 
0.0000794 
0.0001089 
0.0001771 
0.0002129 
0.0002700 
0.0003328 
0.0003986 
0.0004557 
O.OOOolOO 
0.0005500 
0.0006414 
0.0007100 
0.0007700 
0.0008557 
0.0009248 
0.0010014 
0.0010900 
0.0012271 
0.0013586 
0.0015886 
0.0017048 
0.0019529 
0.0022786 
0.0026087 
0.0082186 


in. 

0. 

0. 

0. 

0. 

0. . 

0.0000014 

0.0000029 

0.0000048 

0.0000071 

0.0000109 

0.0000157 

0.0000257 

0.0000800 , 

0.0000357 

0.0000477 

0.0000529 

0.0000648 

0.0001014 

0.0001471 

0.0002014 

0.0002900 

0.0008986 

0.0005529 

0.0007529 

0.0010848 


16,866,612 
25,189,168 
27,548,209 
22,586,674 
28,489,901 
22,222,222 
21,088,658 
20,070,245 . 
19,749,885 
19,607,848 
20,000,000 
18,698,486 
18,809,859 
18,181,181 
17,529,507 
17,810,897 
16,977,281 
16,587,614 
15,4a3,660 
14,721,109 
13,648,771 
12,908,528 
11,265,246 
10,582,844 
9,601,720 
8,078,046 



12 



THE BBSISTANOB OF MATERIALS. 



lO. FIGITBIS 4 18 A GBAraiCAI. BBPRSSBlfTATIOlf OF 

THE ABovB TABi<E, constructed in the game way as Figure 3. 
Experiments were made upon many other pieces, from which 
I have selected four, and called them A, B, C, and D, a gra- 
phical representation of which is shown in Figure 6. The right 
hand lines represent extensions, the left hand sets. 



^ 




y 


^ 








/ 


/ 


/ 













/ 








/ 














/ 
















Fig. 4 



Fio. & 



A is from an inner specimen of a Fort Pitt gun, No. 336, 
and the others from different cylinders which were cast for the 
purpose of testing the iron. 

From these we observe : — 

1st. That for small elongations the ratio of the stresses to the 
elongations is nearly constant. 

2d. There does not appear to be a sudden change of the rate 
of increase, as in Mr. Hodgkinson's example, but the ratio gra- 
dtfe-Uy increases as the strains increase. 

3d. The sets at first are invisible, but they increase rapidly 
as the strains approach the breaking limit. 

It ^Y^^^r^ paradoxical that the first and second experiments 
in the preceding table should give a less coefficient than the 
third, but the same result was observed in several cases. 

11, THB F0I<Ii01¥ING TABI.ES ABB THB BBSUI^TS OF 
SOIKIB BXPERIMENTS mABBlBT ITIB. HOBGKINSON i- 
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'Dh^eeilongUiudauAetUMtmoffp^^ 



NAMB OF IBON. 



Low Moor, Ka 2. 



BbmeftTon Lnm, Na 2. . 



Gartaherrie Iran, Na 8. 




8 



2 



2 



•8 

§1 



1.058 



1.0685 



1.062 



W«i8lkts par aqvuclDdi laid on, 
with their 



Weigfati. 



ttM. 

2,117 

6,352 

10,586 

14,821 

2,096 

6,289 

10,482 

13,627 

2,109 

6,328 

10,547 

14,766 



in. 

0.0050 
a3115 
0.5740 
0.9147 
0.0942 
0.3065 
0.5770 
0.8870 
0.0922 
0.8117 
0.5862 
0.9452 



in. 

0.00345 

0.0250 

0.4425 

0.12775 

0.00268 

0.01675 

a0575 

0.11475 

0.001 + 

a01450 

a 0475 

0.11852 




Um. 

16,408 



14,675 



16,951 



1.085 



0.9825 



1.167 



In these experiments the ratio of the extensions is somewhat 
gr&ater than that of the weights. The value of E, as computed 
for the first weights which are given, and the corresponding 
extensions, is a little more than 13,000,000 pounds per square 
inch. 



Extension of oaat-iron roda, ten Heei long and one inch square. 




Weights 
P. 


Bztenaiona. 

Ae. 


Sets. 


p 

A» 




lbs. 

1053.77 

1580.65 

2167.54 

8161.31 

4215.08 

6262.85 

6322.62 

7376.39 

8430.16 

9483.94 • 
10537.71 
11591.48 
12645.25 
13699.88 
14793.10 


in. 

.0090 
.0137 
.0186 
.0287 
.0391 
.0500 
.0618 
.0734 
.0859 
.0995 
.1186 
.1288 
.1448 
.1668 
.1859 


in. 

.00022 

.000545 

.00107 

.00175 

.00265 

.00372 

.00517 

.00664 

.00844 

.01062 

.01806 

.01609 

.02097 

!02410 


1170^6 

115131 

113309 

110150 

107803 

105377 

103142 

100496 

98139 

95316 

92762 

90347 

87329 

82133 

79576 


-iff 

+ jh 
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Let P = the elongating force and 

\ = the total elongation in inches due to P. 

Then Hodgkinson found, from an examination of the table, 
that the empirical formula 

P = 116117a^ - 201905AJ 

represented the results more nearly than equation (1). This for- 
mula reduced to an equivalent one for I in inches (observing 
that the bar was 10 feet long), becomes 

P = 13,934,000 -^ = 2,907,4:32,000i!2 

Although this equation gives the elongations for a greater range 
of strains than equation (1) for this particular case, yet the 
law represented by it is more complicated, and hence would 
make the discussions under it more difficult, without yielding 
any corresponding advantage. It is the equation of a parabola 
in which P is the abscissa and \ the ordinate. 
We also see that when the elongations are very small, liie 

quantity -^ will be very small, and the second term may be 

omitted in comparison with the first, in which case it will be re- 
duced to equation (1). The coefficient in the first term is the 
coefficient of elasticity, hence it is nearly 14,000,000 lbs. 
for extension. 

MALLEABLE IBON. 

13. ACCORDING TO BARiiOHT's EXPBRiJHKNTS malleable 
iron may be elongated ttjW ^^ ^^ length without endangering 
its elasticity.* To ascertain this, the strains were removed 
from time to time, and it was found that the index returned to 
zero for all strains less than 9 or 10 tons. The mean extension 
per ton (of 2,240 lbs.) per square inch, for four experiments, was 
0.00009565 of its original length. Hence the mean value of 
the coefficient of elasticity is 

E = — = ^^— = 23,418,000 lbs. 

A 0.00009565 ' ' 



* Journal Frank. Inst., vol xyi., 2d Series, p. 126. 
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ELASTICITY OP WOOD. 
13. BXPSRIMENTS BT ]!»IESSRS. f^HEVANDIER ANII UTER- 

THEim.— The following are some of the results of the recent 
experiments of Messrs. Chevandier and Wertheim on the resis- 
tance of wood. These experimenters have drawn the follow- 
ing principal conclusions : — 

1. The density of wood appears to vaiy very little with age. 

2. The coefficient of elasticity diminishes, on the contrary, be- 

yond a certain age ; it depends, likewise, upon the dry- 
ness and the exposure of the soil to the sun in which the 
trees have grovni ; thus the trees grown in the northern 
exposures, north-eastern, north-western, and in dry soils, 
have always so much the higher coefficient as these two 
conditions are united, whereas the trees grown in muddy 
soils present lower coefficients. 

3. Age and exposure influence cohesion. 

4. The coefficient of elasticity is affected by the soil in which 

the tree grows. 

5. Trees cut in full sap, and those cut before the sap, have not 

presented any sensible differences in relation to elasticity. 

6. The thickness of the woody layers of the wood appeared to 

have some influence on the value of the coefficient of 
elasticity only for fir, which was greater as the layers were 
thinner. 

7. In wood there is not, properly speaking, any limit of elasti- 

ticity, as every elongation produces a set. 
It follows from this circumstance that there is no limit of 
elasticity for the woods experimented upon by Messrs. Chevan- 
dier and Wertheim, but in order to make the results of their ex- 
periments agree with those of their predecessors, the authors 
have given for the value of the limit of elasticity the load under 
which it produces only a very small permanent elongation ; the 
limit which they indicate in the following table for loads under 
which the elasticity of wood commences to change, corresponds 
to a permanent elongation of 0.00005, its original length. 
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Table coNTAmma the Mean Besults of the Experiments of 

Messes. Cheyandieb and Webthedc. 



Speolet. 



Locust 

Fir 

Yoke Elm 

Birch 

Beech. 

Oak from pedmiculate acorn 

^^ ^^ seasile acorn 

White Pine 

Elm 

Sjcamore 

Aah 

Alder. 

Aspen. 

Maple 

Poplar 



0.717 
0.403 
0.756 
0.812 
0.823 
0.808 
0.872 
0.559 
0.723 
0.692 
0.697 
0.601 
0.602 
0.674 
0.477 




KUogr. 

1261.9 

1113.2 

1085.3 

997.2 

980.4 

977.8 

921.8 

564.1 

1165.3 

1163.8 

1121.4 

1108.1 

1075.9 

1021.4 

517.2 



nil . 



s 



KUogr. 

8.188 
2.153 
1.282 
1.617 
2.317 

2.349 
1.633 
1.842 
1.139 
1.246 
1.121 
1.035 
1.068 
1.007 






as. 



Kilogr. 

7.93 
4.18 
2.99 
4.30 
3.57 
6.49 
5.66 
2.48 
6.99 
6.16 
6.78 
4.54 
7.20 
3.58 
1.97 






III 

« no 

^&5- 



14* BiiASTiciTir OF urooD, tan6sntiai.lt and rati- 

AMiY,-The same observers have also determined the coefficient 
of elasticity and the cohesion of wood in the direction of the 
radius and in the direction of the tangent to the woody layers. 
An examination of the following Table shows that the resis- 
tance in the direction of the radius is always greater than the 
resistance in the direction of the tangent to the woody layers ; 
the relation between the coefficients of elasticity in the two 
cases varying nearly from 3 to 1.15. 



Mean Eesults of 


TENSION. 

THE EXPEEIMENTS OF 
AND WeBTHEIM. 
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Messbs. Cheyanbieb 




In the DiRBcnoN of Radius. 


In the DiBBonoN of the Tan< 
eENT TO the Layers. 


[SFBOntS. 


OoeffioieDt of 
Elasticity, S, per 
square millime- 
tze. 


Cohesion, or 
load, per square 
millimetre, capa- 
ble of producing 
rupture. 


OoefBoient of 
BSasticity, B, per 
square millime- 
tre. 


Gohesioii, or 
load, per sqnara 
millimetre, capa- 
ble of produdBir 
rupture. 


Yok*^ T?lin 


Kllogr. 

208.4 

134.9 

157.1 

188.3 

81.1 

269.7 

311.3 

121.6 

94.5 

97.7 

170.3 


Kllogr. 

1.007 
0.522 
0.716 
0.582 
0.823 
0.885 
0.218 
0.345 
0.220 
0.256 


Kllogr. 

103.4 

80.5 

72.7 

129.8 

155.2 

159.3 

102.0 

63.4 

34.1 

28.6 

152.2 


Kllogr. 

: 0.608 


Syoamore 


0.610 


Mftple t . . . 


0.371 


Oak 


0.406 


Birch 


1.063 


Beeoh 


0.752 


AfAi 


408 


Fltn 


0.366 


Fir 


297 


Pine 


0196 


liOOUfit 


1 231 











The highest coefficient of elasticity in this table is for beech, and this is less 
than 400,000 pounds per square inch. 



ltS« RBiniARK. — The vahie of IE, which is used in practice, i& 
not the coeflScient oi perfect elasticity, but it is that value which 
is nearly constant for small strains.. In determining it, no ac- 
count is made of the set. If the total elongations were propor- 
tional to the stresses which produce them, we would use the 
value of E found by them, even if the permanent equalled the- 
total elongations. But in practice the permanent elongations 
wiU be small compared with the total for small stresses. 

APPLICATIONS. 

16. TO FIND THJB BLONGATION OF A PRISMATIC BAR 
SUBJBCTED TO A I.ONG1TIJDINAI* STRAIN HTHICH IS 1¥ITH- 
IN TSI£ BliASTIO I^IJXIITS. 



From (1) we have 



A = 



EK 



(2) 



which is the required formula. 
2 
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« 

Also from (1) we have 

P = ^EK (3) 

Equations (1), (2), and (3) ^re equally applicable 
to compressive strains, as will hereafter be shown. 
If in (3) we make K=l and a=Z we shall have 
P = E ; hence, the coefficient ofdastidty may be de- 
fined to be (Z force which wiU elongate a bar whose 
section is unity, to double its original len0h, pro- 
vided the elasticity of the moiterial does not change* 
But there is no material, not even a perfectly elastic 
'''o- •• body, — as air and other gases, — whose coefficient of 
elasticity will not change for a perceptible change of volume. 
The material may not lose its elasticity, but equation (1) only 
measures it for small displacements. To illustrate further, let; 
it be observed that, according to Mariotte's law, the volunies of 
a gas are inversely proportional to the compressive (or exten- 
sive) forces ; double the force producing a compression of half 
tlie volume ; four times the force, one-fourth the volume, and 
so on, — the compressions being k fractional part of the original 
volume ; but in equation (2), a is a linear quantity, so that if 
one pound produces an extension (or compression) of one inch, 
two pounds would produce an extension of two inches, and 
so on. 

ExampUs,--\, If the coefficient of elastiGityof iron be 25,000,000 lbs., 
what mi28t be the section of an iron bar 60 feet long, so that a weight of 5,000 
lbs. shall elongate it \ inch ? 

VI 

From (1) we obtain K =: — which by sabstitation becomes 

EA 

5,000.12 X 60 
^ = 25;0007000^J = ^'^ ^^"^ "'^^ 

2. How great a weight will a braes wire sustain, whose diameter is 1 inch ; 
coefficient of elasticity is 14,000,000 lbs., without elongating it more than -^j^ 
of its length? Ans. 13,744.5 lbs. 
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. ; Let I = the whole length of the bar before elon- 
gation or compreBsion^ 
X = variable distance = Ah, 
d(C = 5c = an element of length, 
w = weight of a unit of length of the bar, 
W = weight of the bar, and 
P, = the weight sustained by the bar. 
Then (l — x) w + P, = P = the strain on any 
section, as be. 

Hence, from eqaation (2), we have 

F,+ (l — x)w 



I 



■J'- 



EK 



dx = i 



- ^V 



EK . 



W 



.■. the total length will become, 

.p. 






If P, = 0, X = a^w = 9FK' °^ *^^ ^'^ elongation is one- 
half of what it would be if a weight equal to the whole weight 
of the bar were concentrated at the lower end. 

Eequiked the Elongation (oe Compeessioh) of a Cone ih a 
Vertical Position, caused by its own Weight when it is sus- 
pended AT ITS Base (ob bests on its Babe), 

Take the origin at the apex before 
extension. Fig. 8, and 
let K = any section, 

K, = the upper section, 

I = the length or altitude of 

the cone, 
X = the length or altitude of 

any portion of the cone, 

s^ ■ no. 8. 

and 

S = the weight of a unit of volume. 

Then, because the bases of similar < 

of their altitudes, K = K, -= 



s are as the squares 
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The valnme of the cone whose altitude is x 
and the weight of the same part 

.-. (from equation (2) ) X = / JZ^^^^g 

t/ aj" 6 E 

EK,-^ 

from which it appears that the total elongation is independent 
of the transverse section, and varies as the square of the length. 

1 8. THB WORK OF Ei<ONGATiON. — If P be the forcc which 
does the work, and x the space over which it works, then the 
general expression for the work is 

JJ =f'Ydx (6) 



To apply this to the prism, substitute P from Eq. (3) in (6), 
and make dx = dX^ and we have 



"■/ 



\ 

EXX EK\" 



which is the same result that we would have found by suppos- 
ing that P was put up by increments, increasing the load gradu- 
ally from zero to P. 

ExampU, — If the coefficient of elasticity of wrought iron be 28,000,000 lbs., 
and is expanded 0,00000698 of its length for one degree F., how much work is 
done upon a prismatic bar whose section is one inch, and length 80 feet, by a 
change of 20 degrees of temperature ? 

WaUs of buildings which were sprung outward have been drawn into an erect 
position by heating and cooling bars of iron. Several rods were passed through 
the bmldings, and extending from wall to wall, were drawn tight by means of 
the nuts. Then a part of them were heated, thus elongating them, and the 
nuts tightened; after which they were allowed to cool, and the contraction 
which resulted drew the walls together. Then the other rods were treated in 
a similar manner, and so on alternately. 
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19. TBRTI€AI« OS€Il«I«ATlONS_lf a bar Aa^ Fig. 9, 
with a weight, P, suspended from its lower end, be pressed down 
by the hand, or by an additional weight from atob, and the addi- 
tional force be suddenly removed, the end of the \fex on retaining 
will not stop at a, but will move to some point above, as <;, a dis- 
tance a<i=ab. From a principle in Mechanics, viz. , that the Uomg 
force equals twice the work, we are enabled to determine all the 
drcumstanoes'' of the oscillation when the weight of the bar is 
n^lected. The weight P elongates the bar so that its lower ex- 
tremity is at a, at which point we will take the origin of oo-or- 
dinates. 



Let X rr od = the elongation caused by the additional f oroe, 

x = ad = any variable distance from the origin, 

V = the velocity at any point, as (2, and 

M = the mass of the weight P. 
If the weight of the rod be very small compared with P, the vis viva is 




M«* = ---f>» very nearly. 
The work for an elongation equal to X, is by Eq. (7), 



It 



i( 



«i 



« 



a 



u 



EK 
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df 







sm 



X 



JO =2 V i^EK 



for half an oscillation ; and the time for a whole oscillation is 



(8) 



hence the oscillations will be isochronous. 

It is evident that by applying and removing the force at regular intervals, the 
amplitude of the oscillations may be increased and possibly produce rupture. 
In this way the Broughton suspension bridge was broken.* 

As a second example take the case in which P is applied suddenly to the end 
of the rod. It is evident that the total elongation will be greater than X, — ^the 
permanent elongation. For the fundamental equation we may use another 



* Mr. E. Hodgkinson, in the 4th volume of the Jfcmehester PkUoiophieal 
TrcmsacHoTis, gives the circumstances of the failure, from this cause, of the 
sospension bridge at Broughton, near Manchester, England. And M. Navier, in 
his theory of suspension bridges (Bmti 8u9pendu€^ Paris, 1628), states that 
thi duration of the oscillation of chain bridges may be nearly six aeconda 
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pziiioiple in Mebhanics, which might have been used in the preceding problem, 
▼is., that the maoB multiplied bj the aooelenitioii equals the moving force. The 

resisting force for an elongation x is -j- (See Eq. (8) ), and the moving force is 
P, whose mass = — ; hence 

rf»tj I ' 

P I 

dx . _ 

I . — »BK« 

«;=: versm — _ 

V « 






4/2P»-5??f \ g'm 



If a? = >, » = VgA, 
a? z= 2a, « = 0, 
aj = 0, « = 0. 
Hence, the amplitude is twice the permanent elongation. If a; = 2X we have 

t = ft \/~^ = » »/~T' Inv«Bfcigations of this kind give rise to a divi- 
sion of the subject called BeriUanee ofPrisnu. 

The investigations are interesting, but the results are of little use beyond 
those which have already been indicated. From the last problem we see that a 
weight suddenly applied produces twice the strain that it would if applied 
gradually. 

As additional exercises for the student, I suggest the following : Suppose the 
weight be applied with an initial velocity. Suppose a weight P is attached to 
one end, and the weight P' is placed suddenly upon it ; or it falls upon it. 
To find the velocity at any point in terms of t, — also A in terms of t. 

If a weight W is suspended at the end, and another weight Wi falls from a 
height h, giving rise to a velocity t>, we have for the common velocity of the 

bodies after impact, if both are non-elastic, V = ^ , and the f m viva of 

WiH-W 

both will be 

MV* = -^ — which equals ?^ X«, or twice the work. 

P'(WxH-W) I '_ 

This is only an approximate value, for the inertia of the wire is neglected. 

30. VISCOSITY OF soi<ii>s. — Experiments show that the prin- 
ciple of equal amplitudes, referred to in the preceding article, is 
not realized in practice. This is more easily observed in trans- 
verse vibrations. The amplitudes grow rapidly less from the 
first vibration, and the diminution cannot be fully accounted for 
by the external resistance of air. Professor Thompson of Eng- 
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land has shown that there is an internal resistance which opposes 
motion among the particles of a body, and is similar to that 
resistance in flnids which opposes the movement of particles 
among themselves. He therefore called it viscosity.* He proved : 

1st. That there was a certain internal resistance which he 
called Viscosity, and which is independent of the elastic pro- 
perties of metids ; 

2d. That this force does not affect the co-efficient of elasticity. 

The law between molecular friction and viscosity was not 
discovered. 

The viscosity was always much increased at first by the in- 
crease of weight, bnt it gradually decreased, and after a few 
days became as small as if a lighter weight had been applied. 
Only one experiment was made to determine the effect of con- 
tinual vibration ; and in that the viscosity was very much in- 
creased by daily vibrations for a month. 

This latter fact, if firmly established, will prove to be highly 
important ; for it shows that materials which are subjected to 
constant vibrations, such as the materials of suspension bridges, 
have within themselves the property of resisting more and more 
strongly the tendency to elongate from vibration. Experi- 
ments will be given hereafter which tend to confirm this fact, 
when the vibrations are not too frequent or too severe. 

But the true viscosity of solids has been fully proved by Mr. 
Tresca, a French physicist, who showed that when solids are 
subjected to a very great force, the amount of the force 
depending upon the nature of the material, that the particles in 
the immediate vicinity of pressure will Jlow over each other, so 
as to resemble the flowing of molasses, or tar, or other viscous 
fluids. Thus, the true viscosity differs entirely in its character 
from the property recognized by Professor Thompson. 



RESISTANCE TO RUPTURE BY TENSION. 
SI. ]n[0]>iTi«u8 OF STRBNGTBi. — Many more experiments 
have been made to determine the ultimate resistance to rupture 
by tension, than there have to determine the elastic resistance. 
In the earlier experiments the former was chiefly sought, and 
more recently all who experimented upon the latter also deter- 
mined the former. 



* Civ. Bng. Jour., yol. 28, p. 823. 



24 4 THE BESIBTANOE OF HATEGEKIAL8. 

The force which is necesBary to pull afiimder a prismatic bar 
whose section is one square inch, when acting in the direction 
of the axis of the bar, is called the modtilus of strength. This 
we call T. It expresses the tenacity of the material, and is 
sometimes called the absolute strength and sometimes modnlus 
of tenacity. 

99. FORHIJIiA FOR THB HODVIiVS OF BTRBlf GTII ; OT the 

force necessa/ry to break a prismatic ha/r^ when ousted vpon hy 
a tensile strain. 
Let K=the section of the bar in inches, 
T=the modulus of tenacity, and 
P=the required force. 
It is proved by experiment that the resistance is proportional 
to the section ; hence 

P=TK (9) 

/. T=g (10) 

^^From (10) T may be found. In (10) if P is not the ultimate 
resistance of the bar, then will T be the strain on a unit of section. 
From (9) we have 

K=5 (11) 

which will give the section. 

The following are some of the values of T which have been 
found from experiment by the aid of equation (10). 

CoheoLye force or Texuusity 
in. pounds per square inch. 

A&h {English) 17,000 

Oak {English) 9,000 to 15,000 

Tine {pitch) 10,500 

Cast Iron* 14,800 to 16,900 

Cast Iron ( Weisbach cfe Overman) . 20,000 

Wrought Iron . . . . . . 50,000 to 65,000 

Steel wire 100,000 to 120,000 

Bessemer steel t 120,000 to 129,000 

" « t 72,000 to 101,000 

Bars of Crucible Steel § .... 70,000 to 134,000 
The most remarkable specimen of cast steel for tenacity which 

* Hodgkinson, Bridges. Weale, sap., p. 25. 
f Jour. Frank. Inst Vol 84, p. 366. 

i Also experiments by Wm. Fairbaim, Van Nostzand^s Ec. En. Hag., Vol. 
I., p. 278. § Do. p. 1009. 
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18 on record, was manufactured in Pittsburgh, Pa. It was 
tested at the Navy Yard at Washington, D. C, and was found 
to sustain 242,000 pounds to the square inch I * 

For other values see the Appendix. 

9S. A vertical prism<Uio bar is Jixed at its ujpfper endy and 
a weight P^ is suspended at the other ; what must be the upper 
section, at Ay Fig. 7^ so as to resist n times aU the weight Mow 
ity the weight of the bar being considered? 

Let i == the weight of a unit of volume of the bar, and the 
other notation as before. 
ThenKT = nY.+nfKl] 

/. K = 5?« (12) 

p 

if n= 1,K= FfTT/; andif ^Z= T,K= a>,orno section is pes- 

T 

sible, and 2 =_ is the corresponding length of the bar. 

94« BiUA OF uNiFORn STRBNOTH. Stipposs a bar is 
fixed at its v/pper eootremityy Fig. 10, amd a weight P^ is sus- 
pended at its lower extremity; it is required to find the form 
of the ba/r so that the horizontal sections shaU beproportional to 
the strmns to which they a/re subjected — the weight of the bar 
being considered* 

Let i = weight of an unit of volume, 
W = weight of the whole bar^ 

K. = ?!= the section at B (Eq. (11) ), 

Kj = the upper section, 
K = variable section, and 
X = variable distance from B upwards. 
Also let the sections be similar : 

Then P = P^ + i fK dl»= strain on any section, 

as D C. But TK is the ability to resist this straiiv; ™- 1®- 
.'. Pj -f ' fKdx = TK. Differentiate this and we have 

i K dx=z TdK 

i dK. 

or -, ^ -- .^-_ which by integrating gives 

T K 

i 

•^flj = Nap-logK+C (12<a^) 

• Am. B. B. Timei (Boston), Vol. 20, p. 206. 
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But for aj = 0, we have K = K, .*. = — Nap. log K, = — 
Nap. log?». Hence, Eq. (12a) becomes^ x = Nap. log ^ or, 

-X K 
passing to exponetiak, gives ^^ = =- 



...K=K.>=|-> 



(18) 



For the upper section K = K, and a? = i .-. K, = 5itf^ - (14) 



W equals,^ 




Kdx 



=' / T^^^dic=P,(^^ 



-1). . (15) 



Example. What must be the apper seotioii of a wxonght-iron shaft of tmi- 
fonu refiUtanoe 1,000 ft. long, bo that it will aafelj sostain its own weight and 
75,000 lbs. 

Let T = 10,000 lbs., and 

i = 0.27 lbs. per cubic inch. 

Then Eq. (11) gives K, = 7.6 sq. inches, and 

equation (14) gives K^ = 10.87 inches. 
In these formulas the form of section does not appear. For 
tensile strains, the strengtfi is practically independent of the form, 
but not so for compression. When it yields by crushing, the 
influence of form is quite perceptible, but not so much so as 
when it yields by bending under a compressive strain. The 
latter case will be considered under the head of flexure. 

9S, STRAINS IN A OI^OSED GTI<INDER« 

If a closed cylinder is subjected to 
an internal pressure, it will tend to 
burst it by tearing it open along a 
rectilineal element, or by forcing the 
head off from the cylinder, by rup- 
turing it around the cylinder. First, 
consider the latter case. The force 
which tends to force the head off is 
the total pressure upon the head, and 
the resisting section is the cylindrical 
annulus. 



Fie. 11. 




Let D = the external diameter, 

d = the mtenial diami^er, ^ 

p = die pressure per square inch, and 
t = the thicknefis of the cylinder* 
Then ^<2^=the presBure upon the head; 

i«'(D'— <2^=the area of the cylindrical annulus ; 
^T(D'— <f)=the resistance of the annulus ; and, 

Hence, for equilibrium, 

iwcrp^l€T(iy^cF) 
or,flrp=2T^D+d)=4T(f+cft). - - (16) 

which solved giyes t=(— 1 + k/i ^Z\^ ... (17) 

Next consider the resistance to longitudinal rupturing. As 
it is equally liable to rupture along any rectilinear element, 
suppose that the cylinder is divided by any plane which passes 
through the axis. The normal pressure upon this plane is the 
force which tends to rupture it, and for a unit of length is 

j[>d 

and the resisting force is 

2T^, 

hence, for equilibrium, 

2T^=^ (18) 

The value of t from (18) divided by that of t from (16) gives 

I>+d 
the ratio ^ ? and since D always exceeds d, this ratio is greater 

than 2 ; hence there is more than twice the danger of bursting 
a boiler longitudinally that there is of bursting it around an 
annulus when the material is equally strong in both directions. 
The last equation was established by supposing that all tlie 
cylindrical elements resisted equally, but in practice they do 
not ; for, on account of the elasticity of the material, they will 
be compressed in the direction of the radius, thus enlarging tlie 
internal diameter more than the external, and causing a corre- 
sponding increase of the tangential stress on the inner over the 
outer elements. In a thick cylindrical annulus it is necessary 
to consider this modification. 
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To find the vabtino law of tangential steains, let D and d 
be tbi external and internal diameters before pressure, and 
D+« and d^+y the corresponding diameters after pressure. 
Then, as a first approximation — ^which is near enongh for prac- 
tice — suppose that the volume of the annulus is not changed, 
and we have 

or, Ds=rfy nearly (19) 

But the strain upon a cylindrical filament varies as its elon- 
gation divided by its length; see equation (3). Hence the 
strain on the external annulus, compared widi the internal, 

is as 

ir(D+«)— irD^ ^((f+y)— irrf z ^ y 

JTD ^ ^ ^r^D*^2 

which combined with (19) gives 

d 1 

ga to ^ or as cP to D*, or as r* to K' 

where r and K are radii of the annulus. 

Hence, the strain varies inversely as the sqiux/re of the dis- 
tance Jrom the aaais of the cylinder. 

To FIND the total besistanoe, let 

X = the variable distance from the axis of the cylinder, 

T = the modulus of rupture, or of strain, and 

t = the thickness of the annulus. 

Then Tdx is the strain on an element at a distance r from 
the axis of the cylinder, or otherwise upon the inner surface of 
the cylinder; and according to the principle above stated, 






T--S dx is the strain on any element, and the total strain on both 
sides is 




2T/ / -,=2T— , (20) 

r 

If ^ = r, this becomes 

Tt 

which compared with equation (18) shows that when the thick- 
ness equals the radius, the resistance is only half what it would 



9» 

be if the mafcaul woe non-dastic. In (dO^ if # k smaJl ocm- 
pued with r, it beoomoB 2Tf neaity, irhidi is the smie «b 
equation (18). 

If the Olds of the cylinder are caj^ped with hemispheres^ the 
streHB iqpon an elemaitaiT annnlns at the inner sorfsice is 
^tTrdx* Proceeding as before, and we find that the total 
fltreBB necessaiy to foroe the hemiepherical heads off is 

^^ (Ji) 

whidi is also the stress necessair to ftunce asnnder a sphere by 
internal pressiire, when the elastidtr is considered. 

If cjlindeis are farmed bj liyeting together plates of iron, 
their strength will be much impaired along the riveted section. 
The condition of the riveted joint will doubtless have much 
more to do with the strength than the compressibility of the 
material, and will hereafter be considered. 



* T. J. HoitinMi aajB IkB ruiaiamm oa «i^ afawMWftify i iawto ii TSdMi* 

(Bzpt. oa metel for cMmon, pc 44) ; but it appean to hm thttfe^ to nute bk 

ei prawiinn ooncect, T moflfe be the modnhis at eaj etoment oonaideied, and 

benoe ^viable, wbeieea it aboiild be oonstant The staaia oa any eleiae&taxy 

r* 
amniiiia whose diHtaiHW is x from the oentre of the q^hero, la TS«rd^ ^ = 

3«r*r -|- ; and the total resisteiioe la the xntesial of thia ejqfHceauon between 

the liiiiitB of r and r+t 
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96. BB8ISTANCK OF GLASS GLOBBS TO INTBBNAIi 

S17BB. 



EXFBRDCENTS OF WH. FATRKATKN. 



Deiariptlon of tlie glaM. 


DIftmeter In 
inches. 


ThlokneMln 
inohM. 


Bunting pro^ 

sore in Ibft. per 

iqaueinch. 


Banting pmh 

■ore in lbs. per 

aqoara incbof 

■ection. 


Flint-glass. 


40 X 8.98 
40 X 8.98 

4 
45 X 4.55 

6 


0.024 
0.025 
0.088 
0.056 
0.059 


84 

98 

150 

280 

152 


8504 
8720 




8947 
5625 
8864 



Mean, 



.4132 



Green-glass. 




5118 
5812 
4666 
5126 



Mean. 



.5054 



Cxonni-glass 




5040 
6000 
6850 
6450 



Mean. 



,5960] 



The following table exhibits the tensile strength of cylindrical 
glass bars according to the experiments of Fairbaim : — 



Deeoription of the glasa. 


Area Off specimen in 
inohes. 


Breaking weight in 
Iba. 


Tenacity per eqnare 
inch. 


Annealed flint-glass... 
ftTeen-glasfl 


(0.255 

^0.196 

0.220 

0.229 


588 
254 
639 
683 


2286 
2540 
2896 


Orown-glasfl. .......... 


2546 
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As might have been anticipated, the tenacity of bars is much 
less than globes ; for it is difficult to make a longitudinal strain 
without causing a transverse strain, and the latter would have a 
very serious efEect ; it is also probable that the outer portion of 
the annealed glass is stronger than the inner, and there is a 
larger amount of surface compared with the section, in globes 
than in cylinders. 



ETVETED PLATES. 

37 • RiTBTED piiATES are used in the construction of boil- 
ers, roofs, bridges, ships, and other frames. It is desirable to 
know the best conditions for riveting, and the strength of riveted 
plates compared with the solid section of the same plates. The 
common way of riveting is to punch holes through both plates, 
into which red-hot bolts or rivets are placed, and headed down 
while hot. The process of punching strains, and hence weakens, 
the material. A better way is to hore the holes in the plates, 
and then rivet as before. 
The holes in the separate 
plates should be exactly 
opposite each other, so that 
there will be no side stram 
on the plates caused by 
drivmg the rivets home, 
and to secure the best ef- 
fects of the rivets them- 
selves. They are some- 
times placed in single and 
sometimes in double rows. 





r 
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and expeiriment shows that the latter possesses great advantage 
over the former. Experiments have been made upon plates of 
the form shown in Fig. 12, both with lap and butt-joints, and 
with single and double rows of rivets.* 



* Lond. FhiL Transactiozis, part 2d, 1850, p. 677. 
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Table thmeing the ttrength ofringU and doMe riveted pUOee. 



CohMiTV itrangth of fhe plstM 

in Um. per Hqaare inoh. 

T. 


strength of lingle-rlTeted jolnte 
of eqn»l ■eoaonto the plAtaii 

ete. Bresking wolght la 11m. 
per ■qtuure inch. 


strength of doablo-riTeted joinfai 
of equal eeotion to the platoi^ 
taken through the line of rir- 
eta. Breaking weight in lbs. 
per iqaare inch. 


67,724 
61,679 
68,822 
60,983 
61,130 
49,281 


46,748 
86,606 
43,141 
43,616 
40,249 
44,716 


62,862 
48,821 
68,286 
64,694 
68,879 
68,879 


Mean. .64,886 


42,328 


68,686 



It will be observed that in double-riveting there is but little 
loss of strength, while there is considerable loss in single-rivet- 
ing. In the preceding experiments the solid section of the 
plates, taken through the centre of the rivet-holes, was used ; 
but, as Fairbaim justly remarks, we must deduct 30 per cent, 
for metal actually punched out to receive the rivets. But as 
only a few rivets came within the limits of the experiments, 
and as an extensive combination of rivets must resist more 
effectually, and as something wiU be gained by the friction 
between the plates, it seems evident that we may use more than 
60 per cent, of the strength of riveted plates as indicated above. 
Fairbaim says we may use the following proportions : — 

Strengtih of plates 100 

Strong^ of doable-riveted plates 70 

Strength of smgle-riveted plates 66 

Size a/nd distribution of rivets. — ^The best size of the rivets, 
the distance between them, and the proper amount of lap of the 
plates, can be determined only by long experience, aided by 
experiments. Fairbairn gives tiie following table as the results 
of his information upon this important subject, to make the 
joint steam or water tight : — 



TENSION. 



33 



ToaUiihofmngthe9l>r(mff68tf<fnnsandbe9iprop<^^ 
from ea^riments amd actual pracUce, {UstftU Information for Engineen^ 
l9t Series, p, 285.) 



Thickneesof 

platoBin 

inotaea. 

t. 


IHamotsrof 

theiivetain 

inches. 

d. 


Length of 
ri'vets from the 
head in in<die8. 

L 


Disteaoeof 
rivets from cen- 
tre «> centre in 
inches. 

a. 


Quantity of 

lap in single 

joinls in inches. 


Quantity of 

lap in doable> 

riveted joints 

in inches. 

a 


AtoH 


2 t 

(C 

(i 

lit 


4H 


6t 

5t 

4t 


6t 

(4 

4H 


lot 

Bit 
6}t 



38« STRENGTH OF IRON IN DIFFBRSNT DIRECTIONS OF 

THE ROLIiED SHEET.* 

In obtaining specimens for these experiments, care was gen- 
erally taken to have them cut in difiFerent directions of the roll- 
ing, longitudinally and transversely, and in some cases diag^ 
onaUy^ to that direction. The table will be f oimd to indicate 
the direction of slitting in each case, and the comparison con- 
tained in the table is given to show what information the in- 
quiry has elicited. 

The comparison is made principally on the minimum strength 
of each bar, being that which can alone be relied on in practice ; 
for if the strength of the weakest point in a boiler be overcome, 
it is obviously unimportant to know that other parts had greater 
strength. In one case, however, two bars, one cut across the 
direction of rolling, and the other longitudinally, were, after be- 
ing reduced to uniform size, broken up cold, with a view to this 
question. The result showed that the length-strip was 7iV P^r 
cent, stronger than the one cut crosswise, considering the tenacity 
of the latter equal to 100. Of the other sets, embracing about 
40 strips cut in each direction, it appears that some kinds of 
boiler iron manifest much greater inequality in the two direc- 
tions than others. It is in certain cases not much over one per 
cent, and in others exceeds twenty, and as a mean of the whole 
series it may be stated to amount to six per cent, of the strength 
of the cross-cut bars. The number of trials on those cut diag- 
onally is not perhaps sufficiently great to warrant a general de- 
duction ; but, so far as they go, they certainly indicate that the 
strength in this direction is less than either of the others. 

* Expeiiments of Franklin Institate. 
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Had we compared the mean instead of the least strengtliof bars 
as given in the table, the result would not have differed materi- 
ally in regard to the relative strength in the respective directions. 

The boilier-iron manufactured by Messrs. E. H. & P. Ellicott, 
which was tried in all these modes of preparation of specimens, 
gave the following results : 

1. When tried at original sections, seven experiments on 
length-sheet specimens gave a mean strength of 55285 lbs. per 
square inch, the lowest being 44399 lbs., and the highest 
59307 lbs. Fourteen experiments on cross-sheet specimens gave 
a mean of 53896 lbs., the lowest result being 50212 lbs., the 
highest 58839 lbs. ; and six experiments on strips cut diagonally 
from the sheet exhibited a strength of 53850 lbs., of which the 
lowest was 51134 lbs., and the highest 58773 lbs. 

2. When tried by filing notches on the edges of the strips, to 
remove the weakening effect of the shears, the lengthrsheet bars 
gave, at fourteen fractures, a mean strength of 63946 lbs., vary- 
ing between 56346 lbs. and 78000 lbs. per square inch. The 
cross-sheet specimens tried after this mode of preparation 
exhibited, at three trials, a mean strength of 60236 lbs., vary- 
ing from 55222 lbs. to 65143 lbs. ; and the diagonal strips, at 
four trials, gave a mean result of 53925 lbs., the greatest differ- 
ence being between 51428 lbs. and 56632 lbs. per square inch. 

3. Of strips reduced to uniform size by filing, four compara- 
ble experiments on those cut lengthwise of the sheet gave a mean 
strength of 63947 lbs., of which the highest was 67378 lbs., and 
the lowest 60594 lbs. 

Cross-sheet specimens, tried after the same preparation, ex- 
hibited, at thirty-three fractures, a mean of 50176 lbs., of which 
the highest was 65785 lbs., and the lowest 52778 lbs. No bar 
cut diagonally was reduced to uniform size. 

From the foregoing statements it appears that by filing in 
notches and filing to uniformity, we obtain results 63946 lbs. 
and 63947 lbs. for the strength of strips cut lengthwise, differing 
from each other by only a single pound to the square inch, and 
that by these two modes of preparation the cross-sheet speci- 
mens gave respectively 60236 lbs. and 60176 lbs., differing by 
only 60 lbs. to the square inch. This seems to prove that by 
both methods of preparing the specimens the accidental weak- 
ening effect of slitting had been removed by separating all that 
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portion of the metal on which it had been exerted. Hence we 
may infer that the differences between length-sheet and cross- 
sheet specimens are really and truly ascribable to a difference of 
texture in the two directions, which will be seen to amount, in 
the case of filing in notches, to 6.15 per cent, and in that of 
filing to imiformity, to 6.26 per cent, of strength of cross-sheet 

specimens. 

Table of the comparative mew of the strength of spedmene of ten different 
eorta of boUer and one of bar iron, in the longittidinai, transferee, and diago- 
nal direction of the rolUng, as deduced from the least si/rengih of each specimen, 
and the average minimum of each sort of iron, in each direction in whi(^ it was 
tried 



g 



2 
8 
4 
6 

8 



Mean 



4d 
43 
44 
46 
48 
49 
61 
68 
66 
68 
69 
60 
61 
62 
64 
66 
68 
70 
71 
78 
74 



Mean 



68977 
68828 
47167 



68824 



61663 
44102 
63836 
69262 
69418 
67566 

ffdpL 

H^pla. 

Paddled, 
do. 
48308 
68684 
62869 
67612 

Puddled, 
do. 
67929 
47688 
BHdpla. 
do. 
do. 



64074 



62280 
60103 



61191 



Puddled, 
do. 
do. 

ffd pla.* 
do. 
do. 
69666 
66062 
67926 
60670 

Pnddled- 
do. 
do. 
do. 
46392 
61266 

ffd pla. 
do. 
54634 
62667 
49861 



63049 



125 
130 
133 
136 
137 



Mean 



142 
143 
146 
148 
149 
160 
161 
162 
164 
157 
160 
162 
164 
167 
169 
171 
174 



Mean 



226 
227 
228 
229 
230 



Mean 



67182 
TUted. 

do. 

do. 

do. 



67182 



44399 
63136 
60694 



56846 
56682 
64361 



64263 



49368 



49368 



Tilted. 
67789 
63176 



66882 



62468 
62228 
56869 
63811 
66073 



53862 
60212 



53646 



49053 
53699 
40643 
464r3 



47467 



* Hammered and rolled into plates. 



47738 
60368 



49048 



51134 

62102 



66612 
61425 



62668 
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The specimens from 42 to 74 were partly puddled iron, and 
partly Juniata blooms, hammered and rolled into plate. The 
length and cross-sheet specimens of these two kinds must be 
compared separately. 

All the experiments on No. 228 (cross) and 230 (length) were 
made at ordinary temperatures with a view to this comparison. 

39. TBNSILB STRENGTH OF ITIiOIJOHT IHOlf AT TARIOV8 



Mr. Fairbaim has made experiments upon rolled plates of 
iron, and rods or rivet iron, at various temperatures. The for- 
mer were broken in the direction of the fibre and across it. 
The specimen when subjected to experiment was surround- 
ed with a vessel into which freezing mixtures were placed 
to produce the lower temperatures, and oil heated by a fire 
underneath to produce the high temperatures. The experi- 
ments were made upon Staffordshire plates, which are inferior 
to several other kinds in common use. The following table 
gives a summary of the results : — 

Table showing the BegiBtcmce of Stajf&rdMre Plates at Different Temperaiurei. 



1 

2 

8 

4 

6 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 





1 


1 


h 


A 


«•§ 


• 


i-^ 


i 


p 


^ 


<z 


0° 


0.6868 


60 


0.7825 


60 


0.6400 


60 


0.6868 


110 


0.6638 


112 


0.6800 


120 


0.8128 


212 


0.8008 


212 


0.6638 


212 


0.6800 


270 


0.6482 


840 


0.6400 


840 


0.6800 


895 


0.6666 


Soaroelj red 


0.6200 


Dull red 


0.6076 



• 



88,660 
81,980 
27,780 
81,980 
29,460 
28,620 
87,020 
81,980 
80,300 
88,660 
28,620 
81,980 
28,620 
30,720 
23,520 
18,540 




teg 

A 9 

H-l P 

•3? 
1^^ 



49,009 
40,857 
48,406 
50,219 
44,160 
42,088 
40,625 
89,935 
45,680 
49,500 
44,020 
49,968 
42,088 
46,086 
38,082 
80,518 






49,009 
44,498 

42,291 

45,005 

44,020 
46,018 
46,086 
84,272 



Bemuki. 



With. 

Across. 

Across. 

With. 

Across.* 

With. 

With. 

With. 

Across. 

With. 

With. 

With.t 

Across. 

With. 

Across. 

Across, t 



* Too high ; fraotiue yexyt uneven. 

f Too low ; tore through the eye. 

i Too high ; the speoimen broke with the first strain. 
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The mean valnes given in the sixth column of this Table 
exhibit a remarkable degree of nnif ormity in strengtli for all 
temperatores, from 60 degrees to 395 degrees. The single ex- 
ample at degrees gives a higher value than the mean of the 
others, but not higher than for some of the specimens at 
higher temperatures. At red heat the iron is veiy much 
weakened. This fact should be noticed in deteimining the 
strength of boiler-flues, as they are often subjected to in- 
tense heat when not covered with water. 

The experiments upon rivet iron were made with the same 
machine, and in the same manner, the results of which are 
shown in the following table : — 

Tabk tthounng the SeaniU of Experiments on Bivet Iron at Different, Tern- 

peraiuree. 



I 



17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 



I 



-30'' 
+60 
60 

114 

212 

212 

212 

250 

270 

810 

325 

415 

435 
Bed heat 



i 

I 



0.2485 
0.2485 



•••••• 

0.1963 
0.2485 
0.1963 
0.2485 
0.1963 
0.1963 
0.2485 



15,715 
15,400 
15,820 
17,605 
20,545 
14,560 
20,125 
16,185 
20,650 
15,820 
17,185 
20,335 
21,385 
8,965 




63,239 
61,971 
63,661 
70,845 
82,676 
74,153 
80,985 
82,174 
83,098 
80,570 
87,522 
81,830 
86,056 
36,076 




63,239 
62,816 
70,845 

79,271 

82,636 

84,046 

83,943 
35,000 



Too low. 
Too low. 
Too low. 



Too high. 



From this Table we see that there is a gradual increase of 
strength from 60 degrees to 325, where it appears to attain its 
maximum. The increase is a very important amoimt, being 
about 30 per cent. 

It is a little remarkable that the specimen at minus 30 de- 
grees is stronger than the mean of the two at 60 degrees ; but 
we observe, as before, that it is not as strong as some of the 
single specimens at higher degrees. 
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Mr. Johnaon, when in the employ of the Kavy Department, 
in 1844, made some experimentB to determine the effects of 
thermotenaion upon different kinds of iron.* He took two 
bars of the same kind of iron, and of the same size, and broke 
one while cold. He then subjected the other to the same ten- 
sion when heated 400 degrees, after which the strain was re- 
lieved, and the bar was allowed to cool, and the permanent 
elongation noted, after which it was broken by an additional 
load. It will thus be seen that the experiments were not con- 
ducted in the same way as thoee by Fairbaim. The following 
table gives the rcBtilts of bis experiments : 



The BetulU of ExperimenU on Thermo-TMtiiM, at 400° 




. KIND OP UtON. 


1 


=1 

ill 


, 


iili 


f 

•s 

1 


1 

S3 


Tredegar, round... 

Tiedegai, round... 
T»degar,eqQarebar 
Tredegar, r'nd, No. 3 
Saliflbnry, ronnd... 




71.4 
72.0 
67.2 
68.4 
121.0 


iDOfaiS. 

1.01 
1.01 
1.69 

I.IS 
8.59 


6.61 
(6.51) 
6.77 
5.368 
3.78 


pCTomt. 

10.00 
20.00 

13.00 
17.98 

14.64 


85.51 

26.51 
18.77 
33.10 

18.87 


M 


•" 






5.75 


16.64 


33.40 



Remarks. — From the two former sets of experiments, pp. 
36 and 37, it appears that the strength of the iron was in- 
creased by an increase of temperature at the time the bar 
was broken, and by the latter that it was not only increased, but, 
by being subjected to severe tension wliile at a high temper- 
ature, the increased strength was not lost by cooling. It hardly 
seems probable that this increased strength would be retained 
indefinitely, and hence it is important to know how long it was 
after the piece was cooled before it was broken. 

These results are confirmed by the experiments of the com- 
mittee of the Franklin Institute, as shown by the following 
table. See Journal of the Franklin Institute, vol. xx,, 3d series. 



* Senate Doc., No. 1, 39th Cong., 2d Sobh., 1344^, p. 630. 
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ABSTRACT OF A TABLE 

Of the eompoflraUte view of the influenee of high temperatures on the gtrengl^ of 
irony as exhibited by 73 experiments on 47 different specimens of thai metals 
at 46 different temperatures^ from 212° to 1317* Fdhr,^ campan'ed with the 
strength of each bar when tried at ordinofry temperatures, the number of expe- 1 
riments at the latter being 163. 



No. of the experi- 


Temperature observed 


strength at ordinary 


strength at the tem- 


ment. 


at moment of fracture. 


temperature. 


perature observed. 


1 


212** 


56736 


67989 


2 


214 


53176 


61161 


8 


894 


68856 


71896 


9 


440 


49782 


59085 


10 


520 


54934 


58451 


15 


554 


54872 


61680 


20 


568 


67211 


76768 


25 


574 


76071 


65387 


40 


722 


57133 


54441 


45 


824 


59219 


55892 


50 


1037 


58992 


37764 


58 


1245 


54758 


20703 


59 


1317 


54758 


18918 



RemarJc. — According to these experiments, as shown in the 
4th column, the strength increases with the temperature to 394 
degrees, when it attains its maximum ; although in some cases 
the strength was increased by increasing the temperatiire to 568 
degrees. By comparing the 3d and 4th columns we see that 
the strength is greater for all degrees from 212° to 574° than 
it is at ordinary temperatures, but above 574° it is weaker. 
The experiments on Salisbury iron showed that the maximum 
tenacity was 15.17 per cent, greater than their mean strength 
when tried cold. The committee above referred to determined 
the maximum strength of about half the specimens used in the 
preceding table by actual experiment, and calculated it for the 
others ; and from the results derived the following empirical 
formula for the diminution in strength below the maximum for 
high degrees of heat : — , 

D* = c(^ - 80)" 

in which D is the diminution after it has passed the maximum, 

^ the temperature Fahrenheit, and 
c a constant. 
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This formula appears to be sufficiently exact for all tem- 
peratures between 520° and 1317*^. 

30. EFFKCT OF SETBRB STBAIlf S ITPON THB UliTIMATB 

TENACITY OF IRON BODS. — Thomas Loyd, Esq., of England, 
took 20 pieces of If S. C. ^ bar iron, each 10 feet long, which 
were cut from the middle of as many rods. Each piece was cut 
into two parts of 5 feet each, and marked with the same letter. 
A, B, C, &c., were first broken, so as to get the average breaking 
strain. A2, B2, &c., were subjected to the constant action of 
three-fourths the breaking weight, previously found, for five 
minutes. The load was then removed, and the rods afterwards 
broken. 

BemUs of the EseperimenU. * 



PTKST. 


SECOND. 


Mark on tJie ban. 


BreaUng weight in 
tons (groBs). 


Kark. 


Breaking weight in ; 
tons. 


A 
B 

D 
E 
F 
G 
H 
I 
J 
K 
L 
M 
N 

P 

Q 

B 

S 
T 


88.75 
80.00 
88.25 
82.75 
82.50 
38.25 
82.75 
83.25 
88.50 
88.50 
82.25 
82.25 
80.25 
84.25 
31.75 
29.75 
83.50 
38,75 
88.00 
82.25 


A2 
B 2 

2 
D2 
E2 
¥ 2 

a2 

H2 

1 2 
J 2 
K2 
li 2 
M2 
N2 
2 
P 2 

B2 
S 2 
T 2 


83,75 
83.00 
38.25 
82.25 
82.60 
83.00 
33.00 
38.50 
32.75 
88.25 
82.50 
81.50 
32.75 
34.00 
32.50 
31.00 
33.75 
33.75 
38.25 
31.00 


M<^an .......... 


82.57 




32.81 







We here see that a strain of 25 tons, or three-fourths the 
breaking weight, did not weaken the bar. 



* Faixbaizn, Useful Information for Engineers, First Series, p. 313. 
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These experiments indicate that a frame or bridge may be 
subjected to a severe strain of three-fourths of its strength for 
a short time without endangering its ultimate strength. 

31. BFFECT OF REPSSATBD RVPTURB. — The foUowiug ex- 
periments were made at Woolwich Dockyard, England. The 
same bar was subjected to three or four successive ruptures by 
tensile strains. They show the remarkable fact, that while great 
strains impair the elasticity, as shown by Hodgkinson, yet they 
do not appear to diminish the ultimate tenacity. This fact is 
important, for it shows that iron, which has been broken by 
tension in a structure, may safely be used again for any strain 
less than that for which it was broken. 

Table sTiamng the effect of repeated Fracture on Iron Bars. 





Firat breakase. 


Second breakage 


Third breakage. 


Fonrth breakage. 


Reduced 


















from 


Mark. 




Stretch. 




Stretch 




Stretch 




Stretch 


sectional 
areaot 
1.87 sqr. 

inches to 




Tons. 


in 54 


Tons. 


in 86 


Tons. 


in 34 


Tons. 


in 15 






inches. 




inches. 




inches. 




indies. 


. • 




In. 




In. 




In. 








A 


88.75 


0.9135 


86.50 


0.300 












B 


88.75 


0.9250 


86.36 


0.335 


87.00 


1.00 


88.75 




1.26 


E 


82.50 


0.9350 


84.75 


0.125 












P 


88.35 


1.0500 


85.60 


0.113 


87.35 


0.63 


40.40 




1.18 


G 


83.75 


0.8500 


85.00 


0.136 


87.60 




40.41 




1.35 


H 


88.75 


1.0625 


86.25 


0.187 












I 


88.60 


0.8375 


84.50 


0.63 


86.50 


1.50 








J 


88.60 


0.9250 


86.00 


0.035 


86.76 


1.13 


41.75 




1.35 


L 


83.35 


Defeot'e 


86.50 


0.150 


87.75 




41.00 


0.31 


1.36 


M 


8a25 


Defect'e 


86.60 


.63 


87.75 


a60 


88.60 


0.06 


1.35 


Mean 


33.96 




86.57 




87.81 




40.16 




1.34 


Mean pr. 84. in. 


34.04 




26.93 




37.06 




39.30 




0.90 



We thus see that while the section is reduced 10 per cent, the 
strength is a/pparently vncreased over 20 j>er cent. It is not, 
however, safe to infer that the strength is dctually increased, 
for it is probable that it broke the first time at the weakest 
point, and the next time at the next weakest point, and so on. 

We also observe that the total elongations are not proportional 
to the tensile strains, which is in accordance with the results 
of other experiments. 

ANNEALING. 

33« ANNEAiiiNG IS aprocess of treating metals so as to make 
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them more ductile. To secure this, the metals are subjected to 
a high heat and then allowed to cool slowly. Sted is softened 
in this way, so that it may be more easily worked. Campin * 
says that sted should not be overheated for this purpose. 
Some bury the heated steel in lime ; some in cast-iron borings ; 
and some in saw-dust. He (Campin) says the best plan is to 
put the steel into an iron box made for the purpose, and fill it 
with dust-charcoal, and plug the ends up to keep the air from 
the steel ; then put the box and its contents into a fire until it 
is heated thoroughly through, and the steel to a low red heat. 
It is then removed from the fire, and the steel left in the box 
until it is cold. Tools made of annealed steel will, in some 
cases, last much longer than those made of unannealed steel. 

But it appears from the following table that it weakens iron 
to anneal it. 

TcMe of the strength of Wrought Iron Annealed at Different Temperatures. 





strength at or- 




strength at Strength after 


Batio of di- 


No. of com- 


dinary temp. 


Temperatnre at which an- 


the annealing annealing and 


mlnntion of 


pariaonB. 


before anneal- 
ing. 


nealing took place. 


temperatnre. oooling. 


strength. 


1 


57,133 


1087" 


87,764 


55,678 


0.025 


5 


53,774 


1155 


21,967 


45,597 


0.152 


10 


52,040 


1245 


20,703 


38,843 


.253 


15 


48,407 


Bright welding heat. 




38,676 


.201 


17 


73,880 


Low welding heat. 




53,578 


.275 


18 


76,986 


Bright welding heat. 




50,074 


.349 


19 


89,162 


Low welding heat. 




48,144 


.460 



33* THE STRENGTH OF IllON AND STEEI« AliSO DEPENDS 

largely upon the processes of their manufacture, and their 
treatment afterwards. The strength of wrought iron de- 
pends upon the ore of which it is made; the manner in 
which it is smelted and puddled, the temperature at which 
it is hammered, and the amount of hammering which 
it receives in bringing it into shape. The same remark 
applies to cast steel. If the former is hammered when 
it is comparatively cold, it will weaken it, especially if the blows 
are heavy ; but the latter, steel, may be greatly damaged, or 
even rendered worthless by excessive heat, and it is greatly 
improved by hammering when comparatively cold. For the 
eflPect of tempering on the crushing strength, see Article 50. 



Campings " Practical Mechanics,** p. 864 
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34* PAOiiONQED FUSION OF CiiST IRON. — Cost iron is also 
subjected to great modifications of strength on account of 
the manipulations to which it is or may be subjected in its 
manufacture and preparations for use. The strength in some 
cases is greatly increased by keeping the metal in a fused state 
some time before it is cast. Major Wade made experiments 
upon several kinds of iron, all of which were increased in 
strength with prolonged fusion (see Kep. p. 44), one example 
of which is given in the following 

Tai>le showing the Effects of Prolonged Fusion. 



Iron in fusion \ hour 

(< (4 U -1 (( 

" 2 hours 



(( 



(t 



Tensile Strength in 
lbs. i>er aq. in. 



17,843 
20,137 
24,387 
34,496 



39» EFFECT OF REMEiiTiNG CAST IRON. — ^But the great- 
est effect was produced by remelting. The density, tenacity, 
and transverse strength were all increased by it, within certain 
limits. For instance, a specimen of No. 1 Greenwood pig- 
iron gave the following results : — (Rep., p. 279.) 

/ Tcible showing tJie Effects of Berndting. 



No. 1 Greenwood iron. 

Crude pig-iron 

" remelted once 

" *' twice 

*' " three times 




Tenfdle Strength. 



14,000 
20,900 
30,229 
35,786 



But there is a point beyond which remeltings will weaken the 
iron. Mr. Fairbaim made an experiment in which the strength 
of the iron was increased for twelve remeltings, and then the 
strength decreased to the eighteenth, where the experiment ter- 
minated. In some cases no improvement is made by remelting, 
but the iron is really weakened by the process ; so that it be- 
comes necessary to determine the character of each iron under 
the various conditions by actual experiment. 

The laws which govern Greenwood iron were so thoroughly 
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determined that the reBulta which will follow from any given 
coTiree of treatment may be predicted with much certainty. 
(Rep., p. 245.) 

By mixing grades Nob. 1, 2, and 3, and subjecting them to a 
third fusion, one specimen was obtained whose density was 7.304, 
and whose tenacity was 46,970 pounds, which is the strongest 
specimen of cast iron ever tested. (Rep., p. 279.) 

As a general result of these experiments, Major Wade re- 
marks (p. 243), " that the softest kinds of iron will endure 
a greater number of meltings with advantage than the higher 
grades. It appears that when iron is in its best condition for 
casting into proof bars (that is, small bars for testing the metal) 
of small bulk, it is then in a state which requires an additional 
fusion to bring it up to its best condition for casting into the 
massive bulk of cannon." 

30. THB JHANNBR OF cooiiiNG also affects the strength. 
It was found that the tensile strength of large masses was in- 
creased by slow cooling ; while that of small pieces was 
increased by rapid cooling. (Rep., p. 45.) 

37. THB IHOI^UIiUS OF STRENGTH IS MODIFIED, WO thuS 

see, by a great variety of circumstances ; and hence it is im- 
possible to assign any arhitra/ry value to it for any material, 
that will be both safe and economical ; but its value must be 
determined, in any particular case, by direct experiment, or 
something in regard to the quality of the material must be 
known before its approximate value can be assumed. 

38. SAFE liimiT OF liOADiNG. — Structurcs should not be 
strained so severely as to damage their elasticity. According 
to Article 9, it appears that a weight suddenly applied will 
produce twice the elongation that it will if applied gradually 
or by increments. Hence, structures which are subjected to 
shocks by sudden applications of the load, should be so propor- 
tioned as to resist more than double the load as a constant 
dead-weight without straining it beyond the elastic limit. 

This method of indicating the limits, suggested by M. Pon- 
celet, is perfectly rational ; but, unfortunately, the elastic limits 
have not been as closely observed and as thoroughly determined 
by experimenters as the limit of rapture. The latter was for- 
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merly considered more important, and hence furnished the 
basis for determining the safe limit of the load. Observations 
on good constructions have led engineers to adopt the following 
values as mean results for permanent strains on bars :— 

For wood, .,;fll The load which would 

For wrought iron, i to | V r^roduce runture 
For cast iron, i to | ) V^^^^ rupture. 

Further observations will be made upon this subject in the 
latter part of this volume. 



N. 
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CHAPTEE 11. 

COMPRESSION. 

88* RBSisTANCE TO coMPRBssiON also divides itself into 
two general problems — elastic and ultimate. The law of elastic 
resistance for compression may be as readUy found as that for ten- 
sive resistance ; but the law of resistance to crushing is very com- 
plex. If the pieces which are subjected to this stress are long, 
they vrfU bend under a heavy stress, unless they are confined, and 
when they bend they break partly by bending and partly by crush- 
ing. If the pieces are very short, compared with their diameter, 
they may be crushed without being bent ; but even in this case, 
with granular substances, the yielding is more or less peculiar, 
dividing off in pieces at certain angles vsdth the line of pressure. 
The results of some experiments will now be given, which will 
enable us to test the prevailing theories upon this subject. 



ELASTIC RESISTANCE. 

TABLE 

Showing the eampres^ion, permanent set, and coefficient of dastidty * of a soUd 

oyUnder 10 inches long and 1.382 inch diameter. 



Weight per 
square inch of 
section in lbs. 


Compression per 
inch of length. 


Permanent set per 
inch of length. 


Coefficient of 
elasticity. 


1,000 

2,000 

3,000 

4,000 

5,000 

6,000 

7,000 

8,000 

9,000 

10,000 

15,000 

20,000 

25,000 

30,000 


0.000090 
0.000170 
0.000255 
0.000320 
0.000385 
0.000455 
0.000505 
0.000575 
0.000645 
0.000705 
0.001035 
0.001395 
0.001825 
0.002380 


0. 
0. 

0.000005 
0.000015 
0.000025 
0.000030 
0.000035 
0.000045 
0.000055 
0.000070 
0.000170 
0.000300 
0.000495 
0.000820 


11,111,000 
11,824,000 
11,843,100 
12,500,000 
12,987,000 
13,189,000 
13,861,300 
13,813,000 
13,952,000 
14,196,000 
14,492,000 
14,337,000 
13,687,900 
12,602,300 



* The author computed the coefficients of elasticity from the other data of 
the table. 
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39. coMEPREssiON OF CAST-IRON. — ^Captain T. J. Rodman, 
in his report upon metals for cannon, page 163, has given the 
results of experiments upon a piece of cast-iron, which was 
taken from the body of the same gim as was the specimen re- 
ferred to on page 11 of this work, the results of which are given 
on the preceding page. 

We observe that tlie coeflScient of elasticity is much less for 
the first strains than for those that follow. It thus appears that 
this metal resists more strenuously after it has been somewhat 
compressed than at first. The coefficient of elasticity is con- 
siderably less than for the corresponding piece, as given on page 
11. The difference is very much greater than that found by 
Mr. Hodgkinson in the specimens which he used in his experi- 
ments. He took bars 10 feet long, and about an inch square, 
and fitted them nicely in a groove so that they could not bend, 
and occasionally, during the experiment, they were slightly 
tapped to avoid adherence. The metal was the same kind as 
that used in the experiment recorded on page 13. 



TABLE 

Giving the resuits of eiBperimmts by Mr, HodgMnMn on hanrs of cast-iron 10 feet 

long. 



Fressnre per 

square inch of 

seotion. 

P. 


Compression per inch of length. 


Coefficient of 
elasticity- per 
square inch. 


Error in parts of 
P of the formula 


TotaL 


Permanent 


P=170,768Ao 
-86,818 aJ 


lbs. 

2064.74 

4129.49 

6194.24 

8258.98 

10323.73 

12388.48 

14453.22 

16517.97 

18582.71 

20647.46 

24776.95 

28906.45 

33030.80 

37159.65 


0.0001561 

0.0003240 

0.0004981 

0.0006565 

0.00082866 

0.00100250 

0.00128025 

0.00136150 

0.00154218 

0.00171866 

0.00208016 

0.00247491 

0.0029450 

0.003429 


0.00000391 
0.00001882 
0.00003331 
0.00005371 
0.00007053 
0.00009053 
0.00011700 
0.00014258 
0.00017085 
0.00020685 
0.00036810 
0.00045815 
0.00050768 


lbs. 

13,231,300 
12,764,910 
12,442,300 
12,585,100 
12,467,100 
12,357,200 
12,253,700 
12,141,200 
12,058,100 
12,021,800 
11,920,000 
11,687,400 
11,222,750 


"t 

— STIS 

+ This 
+ Th 

+ 748 
+ 7+9 

+ t4if 
+ Fty 
— j\z 
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In this case the highest coefficient of elasticity results from 
the smallest strain which is recorded. The difference in this 
respect between this example and the preceding one results 
doubtless from the internal structure of the iron. The coeffi- 
cient in both these cases is much less than that found for 
other kinds of cast-iron, as is shown in the table of resistances 
in the Appendix. 

Mr. Hodgkinson proposed the empirical formula, — P= 
170,763Xo — 36,318XJ, — ^to represent the results of the experi- 
ments ; and although it may represent more nearly the results 
of a greater range of strains than equation (3), yet there is no 
advantage in its use in practice. 

40« COMPRESSION OF l¥R017GJ9Tj IROIf • 

Mr. Hodgkinson also made experiments upon bars of wrought 
iron in precisely the same manner as upon those of cast iron, 
the results of which are given in the following 

TABLE 

Giving the resuUs of ea^Mrimmts hy Mr. E. Eodgkhson on ba/ra of vjrmght ir<m^ 

each of which was ten feet long.* 



Weight producing 
the oompressioii. 


IstBar. 
8ection~1.026 x 1.Q36 aq. in. 


9dB«r. 
Section=1.016 x 1.03 aq. in. 




Amount of 
Compression. 


Value of K 


Amount of 
Compression. 


Value of K 


lbs. 
5098 

9578 

14058 

16298 

18538 

20778 

23018 

25258 

27498 

29738 

81978 
In ^ honr. 
Again after i 

honr. 
Then repeated. 


inch. 

0.028 
0.052 
0.073 
0.085 
0.096 
0.107 
0.119 
0.130 
0.142 
0.152 
0.174 


lbs. 
20,796,500 
21,049,000 
21,979,000 
21,343,000 
22,156,000 
22,160,000 
23,587,000 
22,095,000 
22,111,000 
21,938,000 
20,979,000 


inch. 

0.027 
0.047 
0.067 

0.089 

0.100 

0.118 

0.128 

0.148 • 

0.168 

0.190 

0.261 

0.269 
0.328 


lbs. 
21,864,000 
23,595,000 
24,273,000 

24,108,000 
24,038,000 
23,587,000 
23,679,000 
22,259,000 
21,139,000 
19,478,000 



* The coefficients of elasticity were computed by the anther. 
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49* GRAPHicAi* RBPRESBNTATiON. — These two cases 
are graphically represented in Fig. 13. It is seen from the tables 
that the compressions are quite uniform for a large range of 
strains, and hence equation (2), page 17, is applicable to com- 
pressive strains when within the elastic limits. In the case of 
the wrought-iron bars, the first one attains its maximum coeffi- 
cient of elasticity for a strain somewhat less than one-half its 
ultimate resistance to crushing, and the second bar at about one- 
third its ultimate resistance. 
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43. COMPARATIVE RKSISTANCE OF CAST AND IVROUGRT 

IRON. — ^The coefficient of elasticity is a measure of the com- 
pressibility of metals. Hence, an examination of the two 
preceding tables shows that of the specimens used in these ex- 
periments, the cast iron was compressed nearly twice as much 
as the wrought iron for the same strains. An examination of 

the table of resistances, in the appendix, shows that for a mean 
4 



50 THB BESISTANOE OF MATERIALS. 

value wrought iron is compressed about two-thirds as much as 
cast iron for the same strain. The same ratio evidently holds 
for tension. This is cQutrary to the popular notion, that cast 
iron is stiffer than wrought iron ; for it follows from the above 
that a cast-iron bar may be stretched more, compressed more, 
and bent more, than an equal wrought iron one with the same 
force .under the same circumstance, and in some cases, the 
changes will be twice as great. One reason why cast is con- 
sidered stiflFer than wrought iron probably is, that wrought iron 
does not fail suddenly as a general thing, but it can be seen to 
bend for a long time after it begins to break ; while cast iron, on 
account of its granular structure, fails suddenly after it begins, 
and the bending which has previously taken place is not 
noticed. It is not safe to trust to such general observations for 
scientific or even practical purposes, but careful observations 
must be made, so that all the circumstances of the case may be 
definitely known. It will hereafter be shown that the ultimate 
resistance to crushing of cast iron is double that of wrought 
iron, and yet Fairbaim and other English engineers have justly 
insisted upon the use of wrought iron for tubular and other 
bridges. For, without considering the comparatively treacherous 
character of cast iron when heavily loaded, it appears that 
within the elastic limits (and the structure should not be loaded 
to exceed that), a wrought iron structure is stiffer than a cast 
iron one of the same dimensions, and will sustain more for a 
given compression, extension, or deflection. 

44* COMPRESSION OF OTKEK hiatbriaiiS. — All materials 
are compressible as well as extensible, and it is generally 
assumed that their resistance to compression, within the elastic 
limits, is the same as for extension ; but, as has been seen in 
the previous articles, this is not rigorously correct. Indeed the 
same piece resists diflferently under different circumstances, 
depending upon its temperature, the duration of the strain, and 
the suddenness with which the force is applied. But these 
changes are not great, and the mean value of the coeflScient of 
elasticity is sufficiently exact for practical cases. 



ULTIMATE STRENGTH. 

4ff, MODUiiVS FOR CRUsniNG. — The modulus of resistance 



00MPKE8SI0N. 51 

to crushing is the pressure which is necessary to crush pieces of 
a material whose length does not exceed from one to five 
times its diameter, and whose section is unity. The value 
thus found we caU C. It is found by experiment that the re- 
sistance of all substances used in the mechanic arts varies very 
nearly as the section under pressure. Hence, if 

P = the crushing force, and 

K = the section under pressure, we have 

P = CK (22) 

46. MODUi-us OF STRAIN.— If the force P is not suflScient 
to crush the piece, we have for the strain on a unit of section 

It is necessary to use short pieces in determining the value of 
C, because long pieces will bend before breaking, and will not 
be simply crushed, but will break more like a beam. 
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47. RB8I8TANOB TO CBUSHINO OF CAST-IRON. 

TABLE 
OS the rendu of experiment on the tensile cmd eruMng renetancee of east iron of 

various kinds^ made by Bktton Eddgkinson* 



DoBCription of the iroiL 



Low Moor L:on, No. 1 



(t 



" No. 2 



Clyde Iron, No. 1, 



i( 



(t 



" No. 2. 



" No. 3.... 



BlaenAYon Iron, No. 1 



<( 



t( 



ik 



No. 2 



*' No. 3 



Calderlron No. 1. . 
ColtnesB Iron, No. 3 
Brymbo Iron, No. 1 



** '* No. 3 



Bowling, No. 2. 



Ysfcalyfea, No. 2. 
(Antlmunte) 



Ynisoedwyn, No. 1 
(Anthracite) 



(( 



No. 2. 



Stirling, 2d qnaUty 



(( 



3d quality 



Mean. 



Tensile 

Strength per 

■qnare inch. 

T. 



Lbfl. 
12,694 

15,458 
16,125 
17,807 
23,468 
13,938 
16,724 
14,291 
13,735 
15,278 
14,426 
15,508 
13,511 
14,511 



13,952 



13,348 
25,764 
23,461 



16,303 



Height of 
SpeotuMn. 



Inch. 



I:: 



Cmabing 

strength per 

■qnare inch. 

0. 



Lbs. 

64,534 
56,445 

99,525 
92,332 

92,869 

88,741 

109,992 
102,030 

107,197 
104,881 

90,860 
80,561 

117,605 
102,408 

68,559 
68,532 

72,193 
75,983 

100.180 
101,831 

74,815 
75,678 

76,133 
76,958 

76,132 
73,984 

99,926 
95,559 

83,509 
78,659 

77,124 
75,369 

125,333 
119,457 

158,653 
129,876 



88,800 
94,730 



Batio of tenacity 
to crashing. 

T:C. 



5084) . 
4-446 P 

6-438) . 
5-978 P 

5-759 ) . 
5-503 f ^ 

6177 ) . 
5-729 f ^ 

4-568 I - 
4-469 f ^ 

6-519 



( 



5780 

7-032 ) . 
6-123 \ ^ 

4-797 ) . 
4-795 ] ^ 

5-256 L 
5-532 P 

6-557)- 
6-665 ] ^ 

5-186 K 
5-264 p 

4-909 
4-963 

5-635) . 
5-476 J ^ 

6-886 i- 
6-5a5 J ^ 



! 



4-766 
6-206 
5-681 
5-953 
4-518 
6-149 
6-577 
4-796 
5-394 
6-611 
5-216 
4-936 
5-555 
6-735 



1:5-985) 1.K.Q-. 
1:5-638P-^^^^ 



IZ\''-^'^'' 



4-865 
4-637 



! 



1:4-751 



^'^^^i 1-6-149 
5-536 p-^^*^ 



Mean ratio 1 : 6 *64 



* Supplement to Bridges, by Geo. B. Brunell, and Wm. T. Clark. John Weale, 
London. 
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In this table the ratio of resistances range from less than 4ri 
(Clyde, No. 3) to more than 7 (Blaenavon, No. 1). The same ex- 
perimenter once obtained the ratio of 8.493 from a specimen 
of Carron iron, No. 2, hot blast ;* and the mean of several ex- 
periments, made at the same time, gave 6.594. Hence we have, 
as the mean result of a large number of experiments, that the 
crushing resistance of cast iron is about 6 times as great as its 
tenacity ; but the extremes are from 4^ to 8^ times its tenacity. 

48* RESISTANCB OF ITROVGHT IRON TO CRUSHING. — 

Comparatively few experiments have been made to determine 
how much wrought iron will sustain at the point of crushing, 
and those that have been made give as great a range of results 
as those for cast iron. Wrought iron being fibrous, does not in- 
dicate the point of yielding as distinctly as cast iron and other 
granulous substances. 

Hodgkinson gives C= 65000 f 
Eondulet " C=70800 X 

Weisbach " C=72000§ 
Rankine " C=30000 to 40000 | 

Hence it appears that the crushing resistance of wrought iron 
is from ^ to f as much as its tenacity. 

4:9* RESISTANCE OF i¥ooR TO CRUSHING. — The rcsistaucc 
of wood to crushing depends as much upon its state of dryness, 
and conditions of growth and seasoning, as its tenacity does. 
The following are a few examples : — 



Kind of Wood. moo^^ieiy ^^ j^ 



Ash : 8,680 9,360 

Oak {English) 6,480 10,058 

Pine {PiUh) 6, 790 6, 790 

« I 111 > 

These results, compared with the corresponding numbers in 




* B^sistanoe des Mat^riaux, Morin, p. 95. 

t Vose, Handbook of Railroad Construction, p. 127. 

X Mahan^s Civil Engineering, p. 97. 

§ Weisbach Mech. and Eng., vol. 1., p. 215. 

I Bankings Applied MecK, p. 633. 
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article 22, show that these kinds of wood will resist from IJ to 
nearly 2 times as much to tension as to compression. 

ffO. RESISTANCE OF CAST STEEL TO CRUSKING. — ^Major 

Wade found the following results from experiments upon the 
several samples, all of which were cut from the same bar and 
treated as indicated in the table.* 



8p6Ci]IIOQ. 


Lcngfh. 


Diameter. 


Cnuhingin 
Ibfl. per sq. inch. 


Not Hardened 


1-021 
0-995 
1-016 

1-006 


0-400 
0-402 
0-408 

0-405 


198,944 


Hardened, low temper 


854,544 
891,985 


" mean " 


" high " for tools for 
turning hard eteel. . . 


872,598 



S I • RESISTANCE OF Gli ASS TO CRIJSHllf G. We OWC mOSt 

of our knowledge of the strength of glass to Wm. Fairbairn and 
T. Tate, Esq. According to their experiments we have the 
following results for the crushing resistance of specimens of 
glass whose height varied from one to three times their 
diameter. 

MEAN CBUSHINQ RE8ISTANCB OF CUT-GLASS CUBES AND ANNEALED 

GLASS CYLINDFB8. 



Deacription of the Glass. 


Weight per Sqnaxe Inch. 




Cnbes. 


Cylinders. 


Flint GlAfl« 


lbs. 
13,130 
20,206 
21,867 


lbs. 
27,582 

31,876 


Green Glass 


Crown Glass 


81,003 




Mean 


18,401 


80.153 







The ratio of the mean of the resistances is as 1 to 1*6 nearly. 

The cylinders were cut from round rods of glass, and hence 
retained the outer skin, which is harder than the interior, while 
the cubes were cut from the interior of large specimens. This 

* Report on Metals for Gannon, p. 2I»8. 
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may partially account for the great difference in the two sets of 
experiments. The cubes gave way more gradually than the 
cylinders, but both fractured some time before they entirely 
failed. The cylinders failed very suddenly at last, and were 
divided into very small fragments. The specimens had rubber 
bearings at their ends, so as to produce an uniform pressure 
over the whole section. 

S3. STRKNGTH OF Piiii^ARs. — The Strength of pillars for 
inovpient fleixmre has been made the subject of analysis by Euler 
and others, but' practical men do not like to rely upon their 
results. Mr. Hodgkinson deduced empirical formulas from ex- 
periments which were made upon pillars of wood, wrought iron, 
and cast iron. The experiments were made at the expense of 
Wm. Fairbaim, and the first report of them was made to the 
Koyal Society, by Mr. Hodgkinson, in 1840. The following are 
some of his conclusions : — 

1st. In all long pillars of the same dimensions, when the 
force is applied in the direction of the axis, the strength of one 
which has flat ends is about three times as great as one with 
rounded ends. 

2d. The strength of a pillar with one end rounded and the 
other flat, is an arithmetical mean between the two given in the 
preceding case of the same dimensions. 

3d. The strength of a pillar having both ends firmly fixed, is 
the same as one of half the length with both ends rounded. 

4th. The strength of a pillar is not increased more than ^th 
by enlarging it at the middle. 

To determine general formulas, bars of the same length and 
different sections were first used ; then others, having constant 
sections and different lengths ; and formulas were deduced from 
the results. The formulas thus made were compared with 
the results of experiments on bars whose dimensions differed 
from the preceding. The following are the results of some of his 
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EXPEBIMEin^ ON SQUARE PILLAB8. 



Length of 
1 the ban. 


Bide of the eqiuure. 


Cnuhlng weight 


Bzponent of tiie 
aide. 


Feet. « 


Inches. 


Lb*. 




10 


0-766 
1-51 


1,948) 

28,025 C 


8-57 


10 


1-00 
1-50 


4,225 
28,025 


■ 


417 


n . 


1-02 
1-58 


10,286 
45,878 


■ 


8-69 


7i 


0-50 
100 


588 i 
9,878 


408 


5 


0-50 
100 


1,411 [ 
18,038 f 


8-67 


2i 


0-602 
1-00 


4,216 ) 
27,212 


2-69 


2i 


0-602 
0-76 


4,216 [ 
15,946 f 


8-28 






Mean 


8-591 



The fourth column is computed as follows : — 
Suppose that the strengths are as the x power of the diame- 
ters, tiien for the first bar we have 

1.51 \' . 23025 
.0.766/ 



(i 



1948 



or 1.987* = 11.30 



log. 1.987 



The others are computed in the same way. 
An examination of the table shows that when the square 
section is the same the strength varies inversely as the length. 
Thus, of two bars whose cross section is one square inch, the one 
five feet long is nearly four times as strong as the one ten feet 
long. 

Let I = length of one, 
r = " of other, 
d = diameter of first one, 
d^ = " of the second one, and 
X = the power of the length. 

Then the strength of the first one is, P= constant x . 



ii 



u 



ii 



second is, P' = constant x 



l'^' 
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in which substitute the values from any two experiments. Thua 
if we take from the table 

r = 10 feet, d' = l inch, F = 4225 lbs., and 
I =z & feet, «? = 1 inch, and P = 18038 lbs., we have 

18038 _ 
4225 - ^"^ 
log. 4.2694 
•*• y ~" log. 2 

Proceed in a similar way with each of the others and take 
the mean of the results for the power to be used. In this way 
was formed the following 

TABLE 



= 2.094. 



In which P 
d 
d, 
I 



For the abaoluU strength of oolumm. 

oroahing weights in gross tons, 

the external diameter, or side of the oolnnm in indhes^ 
the internal diameter of the hollow in inches, and 
the length in feet. 



Kind of Oohunn. 



SoM Cylindrical Columns of ) 
cast iron ) 

Hollow Cylindrical Colnmns ) 
of cast iron J* 

Solid Cylindrical Colnmns of ) 
wrought iron ) 

Solid Square Pillar of Dant- ) 
zic oaik 3 

Solid square Pillar of red ) 
dry deal ) 



Both ends ronnded, the 

length of the ooltxmn ez- 

oeeding fifteen thnea its 

diameter. 



TONik 



P = 14.9 

p 

p 



.3*7 6 



;j.7 



18 

42 



8.76, a. 71 

d — »i 

11.7 
^3.7 6 



Both ends flat, the length of 

the oolomn exoeeding thirty 

times its diameter. 



P 
P 
P 
P 
P 



TONS. 
^3.0 

44.16-jnr 

3.5 6 9. an 
a — »i 
44.84 — jr:7 

^.55 

183.76-ji- 

d* 

10.95 -jT 

d* 

7.81 jr 



The above formulas apply only in cases where the- length is 
so great that the column breaks by bending and not by simple 
crushing. If the column be shorter than that given, ini the 
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table, and more than four or five times its diameter, the strength 
is found by the following formula : 

^=PnCK - - - - (23.) 

in which P = the value given in the preceding table, 

K = the transverse section of the column in square 

inches, 
C = the modulus for crushing in tons (gross) per 

square inch, and 
W = the strength of the column in tons (gross).* 
Experiments have been made upon steel pillars which gave 
good results.f 

SS« HFBioHT OF PILLARS. — From the first formula of the 
preceding table we find 

d = I 

The area of the cross section is J «• 6?», and the volume in 
inches = ^ ^ d^ I. 

Cast iron weighs 450 pounds to the cubic foot, hence the 

450 450 PT.i? i\M 
weight = j^g X 3 X ^d^ x Z=-g^x 3.1416 x 7—, 

which by reduction gives 

weight = 0.0152803 (p. Z'**^T.W . . . ". (24.) 

If P is given in pounds, this coefficient must be divided by 

3240T-^- 

If the pillar is hollow the section of the iron is i «■ (^ — rf/), 
.and if 71 is the ratio of the diameters, so that d^=:nd this be- 
comes 

12 

i ie <f (1 — n") ; and its volume in inches = -j «• e? (1 — /?•) I; 



* James B. Fiands, G.E., has published a set of tables which gives the 
: strength offcast-iron columns, of given dimensions, by means of equation (23), 
and also by those in the above table. 
^- t London Builder ^ No. 1211. 
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J .X . ,. . , 4:50 

and its weight m pounds = j^ x 3 x sr ^ (1 — n') Z. 

If the value of d from the second equation of the first column 
in the preceding table, be substituted in the preceding equation, 
we find the 

weight VTh pounds = 

r 

(p. P-^)t-^ 



32 



(2240 X 13) T.^ (1 — 7i3''«)t.Vt 



."sr^ 



(25.) 



Proceeding in this way with each of the cases given above 
and we form the following : 

TABLE 

Of the wdghts in pounds of pOUirs in term of the^ lengths in feet, and 

crushing forces in pounds. 



Kind of Pillar. 



Solid Gyliiidrical Golanm 
of cast iron. 

Hollow Cylindrical Col- 
umns of cast iron, 
di=nd. 



if n=0-9S 
if 71=0-95 
if n=0-925 
if 71=0-90 
if 71=0-875 
if 71=0-85 
if 71=0-80 
71=075 
Solid Cylindrical Columns 



Weight in pounds. 



Both ends ronnded. 
1>16<I. 



of Wrought Iron, 



Square Column of Dant- 
zic Oak. 



0-0101645 (P.2»-")T^'5 

1-71' 

0-0103623 -T- X 

(P.i ■•")i^" 
0-001649014 (F.l "•") ^ 
0-003549688 (P.P-")^-^ 
0-003086622 (P.p-")r.V8 

0-003566870 (P.O^ 
0-003982043 (P.P-^^ 
004359267 (P.i»-")r^"« 
005039546 (P.2*-")^ 
0-005649247 (P.P-'^^'^ 

000599672 (P.2"-")^:^^ 



(Cubic foot weighs 47.24 
pounds.) 



Both ends flat. 
2>90d. 



O-O0376452 (P.r«»)"^» 
00375582 ^""^* x 

0000669628 (P.P»-«»)T^ 
0-0Q1005503 (P.pw)xim 
0-00120664 (P.p«»)T:fTB 
0-00137552 (P.P»-*»)T^'^ 
000152392 (P.P-*")T^T^ 
0-00165855 (P.p»-«»)T^7Ti 
0-00189914 (P.l«-<T6^T.+7^ 
0-00211346 (P.2»«»)T:tT» 

0-00201664 (P.r»-"5)T7fT3 
0-000547291 pl P 
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If the thickness of the metal (t) and the external diameter 
are given, n may be found as follows : rf— 2^=intemal diame- 
ter, hence 71=^* =1—7. For instance, if the external diameter 
is 6 inches, and the thickness f of an inch, the internal diame- 
ter is 5i inches and 7^=-*^= 0.875. 

The iron used in the preceding experiments was Low Moor 
No. 2, whose strength in columns is about the mean of a great 
variety of English cast iron, the range being about 15 per cent, 
above and below the values given above. 

94. CONDITION OF TCiB CASTING. — Slight inequalities in 
the thickness of the castings for pillars does not materially af- 
fect the strength, for, as was found by Mr. Hodgkinson, thin 
castings are much harder than thicker ones, and resist a greater 
cmshing force. In one experiment the shell of a hollow column 
resisted about 60 j>&r cent, more per square inch than a solid 
one.* But the excess or deficiency of thickness should not in 
any case exceed 25 per cent, of the average thickness.f Thus, 
if the average thickness is one inch, the thickest part should not 
exceed li inch, and the thinnest part should not be less than f 
of an inch. 

It is also found that in. large castings the crushing strength 
of the part near the surface does not much exceed that of the 
internal parts. 

I as* EXPERIMRNTS MADE BT TBE NB1¥ TOBK CENTRAL 

RAiiiROAD coMPANT. — The immediate object of these experi- 
ments was to determine the relative values of different sorts and 
forms of wrought iron of lengths greatly exceeding their dia- 
meters, when subjected to longitudinal compression. The pieces 
were not in all cases broken, nor even materially altered in 
form by the compressions to which they were subjected, the 
experiments being generally discontinued as soon as the pro- 
gressive rate of flexure due to a regularly increased load was 
ascertained. 

The testing machine used in the experiments was designed by 
0. Hilton, and was made at the Company's carpenter shop, at Al- 
bany, by order of the Chief Engineer ; its arrangement and all its 
principal details were afterwards found to be exactly similar to 

* PliU Trans., 1857, p. 890. f Stoney on Strains, vol. iL, p. 206. 
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those of the machine used for the same purpose by Mr. Eaton 
Hodgkinson, at Manchester, England (for a description and draw- 
ing of which see " Tredgold on the Strength of Wrought and Cast 
Iron," Weale, London, 1847), with this difference, that the ma- 
chine made at Albany was of wood, while that used by Mr. 
Hodgkinson was of iron. 

Experiment No. 1. 

Made vjpon a bar of EngUsh Crown Iron from the voorks of JSawkea, GratMhay 
di Co., OatesTiead, planed at both ends andperfectfy straight^ easacUy Bfeet in 
length, and of cross section as sketched in Fig, 14. 



B 

Fia. 14. 



Weight applied in lb& 


Defleotion in parts of an 


inch. 




2,568 


.0 






5,468 


.0 






8,468 


.033 




In direction D. 


10,448 


.0625 






11,738 


.0833 






12,778 


.15625 






13,778 


.1875 






16,208 


.1875 






16,758 


.25 






20,928 


.3126 




\ 



On the removal of the above recorded load, the bar immediately 
resumed its original form, having taken no appreciable set. 
Being once more placed in the machine the results were : — 



Lbs. 



20,248 
25,968 
30,348 



Defleotions in A B. 



.100 
.300 



Deflectioni in D. 



.400 
.600 



Bar bent donble in C D. 
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EXFEBIMENT No. 2. 



Made upon a bar ofEngiUk Crown Iron from the same toorke, planed at both 
ende and perfeefly itraightj exacUy 8 feet in length, and of the cross secUen 
shown in Fig. 15. 



fm. ifi. 



Weight applied in Ibe. 


Deflecdon in parts of an inch. 


Bemarka. 


2,668 


.0 






5,468 


.0 






8,178 


.05 


In direction G D. 




10,918 


.075 






13,668 


.1 






16,468 


.125 






19,218 


.156 






21,968 


.1876 






24,678 


.218 






27,478 


.25 






30,248 


.3126 







No more than 30,248 lbs. was placed upon this bar, the bar 
being required for use, and the quality of the iron being very 
soft and easily bent. 

No appreciable set was found upon the removal of the above 
load. On being placed a second time in the machine, and sub- 
jected to a load of 19,218 lbs., the flexure was observed to be 
.125 inch, this weight being left on for 42 hours ; on removal 
a permanent set was observed of .01 inch. 
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EXPESIMENT No. 3. 

Made upon a ha/r of En^ith Crown, Iron from the eame worke^ 8 feet Umg, 
pUmed at the ends, and erase section sketched bdow in Fig 16. 




B 



! 

f Fio. 16. 



Weights applied In Iba 


Deflection In parts of an inch. 


EemarkB. 


2,568 


.0 


Flexure not appreciable. 


5,468 


.144 


In direction G D. 


8,178 


.168 




10,888 


.192 




13,638 


.242 




•16,438 


.288 




* 19,188 


.814 


^i * / # 


21,938 


.860 




24,648 


.408 




27,448 


.480 




30,218 


.612 





The bar was found, on removing the weights, to be perfectly 
straight. When replaced in the machine the results were as 
follows : — 





Weights. 


Inches in D. 


Inches in A B. 




16,510 * 


.5625 


.1875 




24,338 


.625 


.21875 




27,638 


.6875 


.25 




f 80,418 


.75 


.3125 




88,188 


.875 


.3750 




35,948 


1.000 


.3750 



With 35,948 lbs. the bar bent double after four minutes. 
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EXPEBIMEKT No. 4. 

Made upon a piece €f Bngliih Crown Iron from the eame iscrke^ of the section 
thoum in Fig, 17, planed at both end§ and eaoacGy 6 feet in length. 



'I 




Pig. 17. 



Wdgbt In IbL 


• 

Deflection In A B, in perta of 
an inch. 


Deflection in D, in parts of 
an inch. 


2,568 


.00 


.0 


8,038 


.015 


.0 


4,088 


.025 


.020 


5,468 


.060 


.050 


8,228 


.088 


.083 


10,968 


.1 


.1 


13,678 


.1 


.125 


16,448 


.1 


.142 


19,248 


.1 


.150 


21,998 


.083 


.166 


24,708 


.083 


.166 



On the application of 27,508 lbs. the bar assumed a new 
form, as shown in the figure ; the deflection in the new direction 
is designated as taking place in x. 



Weight in Iba 



27,508 
80,288 
38,058 
35,818 
89,228 



Deflection in A B, in 
parts of an inch. 



0.083 
.083 
.083 
.063 



Deflection in C D, in 
parte of an inch. 



Bax broke at y. 



.166 
.166 
.166 
.225 



Deflection in as, in 
parts of an inch. 



.0875 
.1 

.125 
.1875 



COMPRESSION. 
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EXPEKTMETTT No. 5. 

A Bar of Angle Iron^ 5 feet in length^ planed at both ends and qmte straight, of 
the cross section shown in Fig, 18, fwnmhed by the Albany Iron Works, 
Troy, of ordinary qaaXxty, 

\ ^ 

— )o 



i 







Weight in lbs. 


Deflection A B. 




Deflection D. 


2,568 


.04 


.05 




8.038 


.06 


.08 




4,038 


.08 


.15 




5,468 


.375 


.25 




8,228 


.500 


.375 




10,968 


.5625 


.375 




13,678 


.5625 


.375 




16,448 


.625. 


.375 




19,248 


Broke or bent double. 





The general deflection in the direction of the arrow could not 
be observed until 8,228 lbs. were applied, when it was succes- 
sively — 

.156, .25, .33, .5. 
No. 6. 

Made upon the bar used in Experiment No. 2. It being pre- 
sumed that the previous experiment had somewhat weakened 
this bar, it was determined to break it. The following- weights 
were used: — 



Weight in lbs. 


Deflection in G D. 


22,048 
80,398 
85,928 


.126 

.5625 

Bar bent nearly donbte.. 
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56. conpBBssion of tubes.— bccklinc). — ^Wrought iron 
tubes when subjected to longitudinal compresBive stresses may 
yield by crushing like a block, or by bending like a beam, or by 
buckling. The first takes place when the tube is very ^ort ; the 
second, when it is long compared with the diameter of the tube ; 
and the last, for some length which it is difficult to assign, inter- 
mediate between the others. 

The appearance of a tube after it has yielded to buckling is 
shown in Figs. 19 and 20. 

The experiments heretofore made do 
not indicate a specific law of resistance 
to buckling ; but the following general 
facts appear to be established : — * 

1. The resistance to buckling is al- 
ways less than that to crushing ; and is 
nearly independent of the length. 

2. Cylindrical tubes are strongest ; 
and next in order are square tubes, and 
then rectangular ones. 

3. Hectangular tubes, [ | , are not as 

strong as tubes of this form | | [ . The fio. m via. so. 

tubes in bridges and ships are generally rectangular or square. 



COLLAPSE OP TUBES. 

S7, THB KUPTTTBB OF TDBGS wMch are subjected to 
great external normal pressure is called " a collapse." The 
fiues of a steam-boiler are subjected to such an external pres- 
sure, and in view of the extensive use of steam power, the subject 
is very important. The tme laws of resistance to collapsing were 
unknown until the subject was investigated by Wra. Fairbaim. 
Experiments were carefully made, and the results discussed by 
him with that scientific ability for which he is so noted. They 
were published in the Transactions of the Royal Society, 1858, 
and republished in his " Useful Information for Engineers," 
second series, page 1. 

* Civ. Eng. and Aich. Jour., voL xrviiL, p. 38. 
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The tubes were closed at each end and placed in a strong 

cylindrical vessel made for the pur- 
pose, into which water was ^forced 
by a hydraulic press, thus enabling 
him to cause any desirable pressure 
upon the outside of the tube. In 
order to place the tube as nearly 
as possible in the condition of a 
flue in a steam-engine, a pipe which 
communicated with the external air 
was inserted into one end of the tube. 
This pipe permitted the air to escape 
from the tube during collapse. 

The vessel, pipe, tube, and their 
connections were made practically 
water-tight, and the pressure indicated 
by gauges. 

Fig. 21 shows the appearance and 
cross-section at the middle of the 
short tubes after the collapse ; and 
Fig. 22 of a long one. Although no 
two tubes appeared exactly alike after 
the collapse, yet the examples which 
I have selected are good types of the 
appearances of thirty tubes used in 
the experiments. 
The tubes in all cases collapsed 
suddenly, causing a loud report. In the first and second 
tubes the ends were supported by a rigid rod, so as to pre- 
vent their approaching each other when the sides were com- 
pressed. 
The following tables give the results of the experiments : — 




l^-v! 




Fig. as. 



7io. 21. 
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TABLE L 







ThicknSM 










of Plate, 


Diameter 


Length in 


Hark. 


No. 


inches. 


in incheR. 


inchet. 






<. 


d. 


L. 


A 


1 


0048 


4 


19 


B 


2 


44 




19 


C 


8 


11 • 




40 


D 


4 


(( 




88 


E 


6 


(( 




60 


P 


6 


<( 




60 


G 


7 


(( 


6 


80 


H 


8 


l( 




29 


J 


9 


(i 




59 


K 


10 


(( 




80 


L 


11 


(< 




80 


M 


12 


<< 




80 


N 


13 


tt 


8 


80 





14 


«( 


4( 


89 


P 


15 


(( 


(( 


40 


Q 


16 


It 


10 


50 


B 


17 


(( 


i( 


30 


S 


18 


«( 


12-2 


58i 


T 


19 


(4 


12 


60 


V 


20 


(( 


44 


30 



Pro a wnre of 

Collapra, lbs. 

pr. fsq. ill. of 

Surface. 

P. 



170 

137 
65 
65 
43 

140* 



Mean 



} 



48 
47 
82 
52 
65 



Mean 



39 
32 
31 



Mean 



19 
88 



Mean 



110 
12-5 
22 



Mean 



Prodnotof 

PreBBnre 

and Length. 

P. L. 



8280 
2608 
2600 
2470 
2580 
2800 



2714 



1440 
1268 
1888 
1560 
1950 

9 



1620 



1170 
1248 
1240 



1219 



950 
990 



970 



643-7 

750 

662 



6852 



Prodnotof 

the Preasore, 

Length, and 

Diameter. 



10412 

10400 

9880 

10820 



10258 



11328 

9860 

11700 



10796 



9360 
9984 
9920 



9754 



9500 
9900 



9700 



7850 
9000 
7920 



8256 



* This tube had two solid rings soldered to it, 20 Inches apart, thus practically reducing it to 
three tabes, as shown in Fig. 28. 




Fie. 33. 

t The ends of both were fractured, causing collapse, perhaps before the outer shell had at- 
tained its maTimum. 
^ A tin ring had been left in by mistake, thus causing increased rmistance to collapsing. 



COMPBESSION. 69 

tJ8. DISCUSSION OF RESULTS. — By Comparing the tubcs of 
the same diameter and thickness, but of different lengths, we 
see that the long tubes resist less than the short ones ; hence, 
the strength is an wverae function of the length, and an ex- 
amination of the seventh column shows that it is nearly a sim- 
ple inverse function of the length. The first of the 4-inch 
tubes is BO much stronger than the others, it may be neglected 
in determining the law of resistances although it differs from a 
mean of all the others by less than \ of the mean. An exami- 
nation of the several cases indicates that we may safely assume 
that the resistance to coUajpsing varies inversely as the lengths 
of the tribes* 

The mean of the results for the several diameters in the 
last column shows that the resistance diminishes somewhat 
more rapidly tlian the diameter increases ; but this includes the 
error, if any, of the preceding hypothesis. As the power of 
the diameter is but little more than unity, it seems safer to con- 
clude, for all tubes less than 12 inches in diameter, as Fair- 
bairn does, that the resistance of tvhes to coUa/psi/ng varies in- 
verady as their diameters. 

S9. I* Air OF TfiiicKNESs. — ^Experiments were also made 
to determine the law of resistance in respect to the thickness. 
Comparatively few experiments were made of tliis character, 
but these few gave remarkably uniform results. One of the 



* A more exact law may be found as foUows: — Let P = the compressing 
force per square inch ; C7 = a constant for any particular diameter and 
thickness, I = the length, and n the unknown power. Then 

O 
P = -— for one case. 

Pi = _ for another. 

-I, 

log. |J- ' 

By means of this equation, and any two experiments in which the thickness 
and diameter are the same, n may be found, and by using several experiments 
a series of values may be found from which the most probable result can be 
obtained. But in this case the mean result is so near unity, there is no prac- 
tical advantage secured by finding it. 
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tubes (No. 24), was made with a butt joint, as shown in Fig. 
24, and the others with lapp joints, as in Fig. 25. 





Fig. 91 



Fie. S5. 



The following are the results of the experiments : — 



TABLE n. 







Thloknees. 


Diameter. 


Length in 


Preflmreper 


^r% V 


Product. 


Mark. 


No. 


t. 


a. 


inches. 


aqnare inch. 


P. L. 


L. P. A 










L. 


P. 




= P. 


w 


21 


0-25 


9 


87 


(450) 


TJncollapsed. 


X 


22 


0-25 


m 


61 


420 


25620 


480375 


Y 


23 


014 


9 


37 


262 


9694 


89046 


Z 


24 


014 


9 


37 


878 


13986 


125874 


JJ 


33 


0125 


1« 


60 


I 125 


7500 


108750 



Tubes Nos. 23 and 24 were exactly alike in every respect 
except their joints ; and it appears that the butt joint. No. 24, 
is 1*41 times as strong as the lap joint, a gain of 41 per cent. 
But this is a larger gain than is indicated in other cases ; for 
instance, No. 33, which is also a lap joint, ofFers a greater re- 
sistance as indicated in the last column, than No. 23, although 
the former is not as thick as the latter. Still it seems evident 
that butt joints are stronger than lap joints, for with the 
former the tubes can be made circular, and there is no cross 
strain on the rivets, conditions which are not realized in the 
latter. 

The resistance of the 23d is so small compared with others, 
it is rejected in the analysis. 

We observe that the resistance varies as some power of the 
thickness ; if then C and n be two constants to be determined 
by experiment, and we use the notation given above, we shall 
have for the pressure of collapse of one tube. 
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P = jj^ /.dPLzr^^C^ .... (24) 

and for another tube 

P. = ^ .•.<;.P.L.=j>.= a,» - - - (25) 
Hence we have 

- = ©" 

and^=| = ^ (27) 

TO FIND THE CONSTANTS 71 AND C. 

The mean of the mean of the values of j> from Table L is 
jp = 1 [10253+10796+9754+9700 + 8256]=9752and 25=0-043. 
Using these values and others taken from the preceding 
tables, and the following values may be found for n : — 

In equation (26) make j? = 480375, t = 0-25, jp,= 9752, t,= 
0*043; and we get 

_ log- 4803 75 - log. 9752 _ 
""- log. 0-26 - log. 0-043 -2 200. 
Similarly, taking jp = 480376,* = 0-26,^,= 10253, «.= 0*043 ; 
and we get 

log. 480375 ^ log , 10253 _ 
^ log. 0-25 ^ log. 0-043 ~ ^ ^^^• 
The mean value of jp for all but the 12-inch tubes in Table I. is 
j> = l (10253 + 10796 + 9754 + 9700) = 10125 ; 
hence, using ^ = 125874, t = 0-14, j>,= 10125, t^=z 0-043 ; and 
we get 

__ log. 125874 -log. 10125 __ ^ ioj. 
^ "■ log. 0-14 - log. 0043 - ^'^^^ ' 
and taking p =108750, t = 0-125, jp,= 10125 and ^,= 0-043; 
we get 

_ log. 108 750 - log. 10 125 

"" " l^g. 0-125 -log. 0-043" - ^'^^^' 
and the mean of these results is, n = 2-18. 

Fairbaim made it 2-19 by including some data which I have 
rejected as paradoxical ; I have also given more weight to those 
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cases which gave nearly uniform results. The diflFerence, how- 
ever, of 0-01 is too small to seriously affect practical results. 

To determine the constant, (7, substitute the proper values 
taken from the preceding tables in equation (27), and we have 
for four cases the following : — 

<^'=0^rrT = 9'298,900. 

„ 480375 „„«,„„^ 

^=0^»^ =».864,300. 

125874 
^=0lii:TT = V44,000. 

^ 108750 ,„,^„,«« 
^=0425^^ = ^^'^^^'*^- 
The mean of which is (7= 9,604,150. Calling C = 9,600,000 
and equation (26) becomes : 

P= 9,600,000— (28) 

If L be given in feet, so that L = 12L^ we have 

P = 800,000-J^ (29) 

The coefficient, 9,600,000, applies only to the kind of iron 
used ; but the exponent, 2*18, is supposed to be constant for 
all kinds of iron. 

60. FORMUIiA FOR THICKNBSS TO RSSI8T COIiliAPSING. 

— ^Equation (28) readily gives the following ei^T&&&\OTi for find- 
ing the thickneas in inches of a tube to resist coUa/psing : — 

log. 100 . = l2SlP+Ml^J^ _ 1.203 - - (30) 

61* EiiiiiPTicAii TUBES. — ^Experiments made upon ellipti- 
cal tubes showed that the preceding formula would give the 
strength, if the diameter of the circle of curvature at the extremity 
of the minor axis is substituted for d. The diameter of curva- 

ture is -^, in which a is the major and b the minor axis. 

Experiments made upon tubes in which the ends were not 
.connected by internal rods, showed that the resistance was in- 
versely as their length. 
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63. TBRT i<oN« TUBES. — Some experiments were made 
upon a tube 35 feet long and one 26 feet long. Sufficient pres- 
sure was applied to distort them, but not to collapse them, and 
it was found that equation (28) erred by at least 20 per cent., 
giving too small an amount. It was, however, very evident 
that the length was still a very important element in the 
strength. 

63. COISPARISON OF STBBNOTH FROM BXTBRNAIi AND 

iNTERNAi« PRESSURE. — ^Lct ^ be the internal pressure per 
square inch at which the tube is ruptured, then for tubes of the 
same thickness and diameter we have from equations (18) and 
(29), by calling T = 30,000 lbs., 

P ""13-33 ^1-18' 
Up = P, then L = 13-33 ^iis. 

If ^ = 0-25, then we find L = 3-56 feet, that is, a tube whose 
thickness is J of an inch, and whose length is 3-56 feet, is equal- 
ly strong whether subjected to internal or external pressure. 

If the tube is so liiick that the unequal stretching of the 
fibres must be considered, then equation (20) must be compared 
with equal ion (29), in which case we have : — 

P^ T dL, (31) 

P 800,000 {r+t)t^'^^ 

Jfp = P, T = 40,000 lbs., and 2r = t? = 4 inches ; 

then2^i-'«-h^»-^8 =i V 

If^ = iinch,L= 5-504 feet. 
If^ = l " L = 15 feet. 

64. RESISTANCE OF 6I<ASS GLORES TO COIiLAPSING. — 

Fairbaim also determined that glass globes and cylinders fol- 
lowed the same general la/w of resistance. For globes of flint 
glass he found : 

P.=28,300,000j^ (32) 

and for cylinders of flint glass : 

P, =740,000^ (33) 

provided that theii- length is not less than twice, nor more than 
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six times their diameter. Dividing equation (33) by (28) gives 
P, 0-0770. 

P 

If ^ = 0-043 in., W = 0*896 ; or the glass cylinder is nearly ^ 

as strong as the iron one. If they are equally strong, P = P^ 
/. t = 0-0373 of an inch. 
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CHAPTER m. 

THEORIES OP FLEXURE AND RUPTURE FROM TRANSVERSE 

STRESS. 

65* rehiark, — The ancients seem to have been entirely 
ignorant of the laws which govern the strength of beams. 
They made some rude experiments to determine the absolute 
strength of some soUds, especially of stone. They may have 
recognized some general facts in regard to the strength of 
beams, such as that a beam is stronger with its broad side ver- 
tical than with its narrow side vertical, but we find no trace of 
any law which was recognized by them. This department of 
science belongs wholly to modem times. A very brief sketch 
of the history of its development is given below.* 

66. GAijiiiBO's THBORT. — Galileo was the first writer, of 
whom we have any knowledge, who endeavored to establish the 
mathematical laws which govern the strength of beams. f He 
assumed — 

Ist. That none of the fibres were elongated or compressed. 

2d. When a beam is fixed at 
one end, and loaded at the other, it 
breaks by turning about its lower 
edge, B, Fig. 26 ; or if it be sup- 
ported at its ends and loaded at the 
middle of the length, it would 
turn about the upper edge ; hence 
every fibre resists tension. 

3. Every fibre acts with equal 
energy. From these he readily 
deduced, — that, when one end is firmly fixed in a wall or other 




* For a more complete history, see introdnotion to '^ BSsistcmce dei Oorpi 
i&{K208," par Navier. 8d edition. Paris, 1864. 
f Opere di Galileo. Bologne, 1856. 
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immovable mass, the total resistance of the section is equal to 
the sum of all the fibres, or the transverse section, multiplied 
by the resistance of a unit of section, multiplied by the dis- 
tance of the centre of gravity from the lower edge. Hence, in 
a rectangular beam, if 

T = the tenacity of the material, 

h = the breadth, and 

d = the depth of the beam ; 

the moment of resistance is 

TUxyi = \Tl)€P (34) 

67* ROBBBT HOOKB^s THEORY, — ^Kobcrt Hookc was one 
of the first, and probably the first, to recognize the compressi- 
bility of solids when under pressure. In 1678 he announced 
his famous principle, Vi tensio sic vis ; which he gave in an 
anagram in 1676, and stated as the basis of the theory of elasti- 
city that the extensions or contractions were proportional to the 
forces which produce them, and also that when a bar was bent 
the material was compressed on the concave side and extended 
on the convex side. 

68* SIABBIOTTB9S AND liBIBNITZ'S TBCBOBT. — ^Marriotte, 

in 1680, investigated the subject, and finally stated the follow- 
ing principles : — 

1st. The material is extended on the convex side and com- 
pressed on the concave side. 

2d. In soUd rectangular sections the line of invariable fibres 
(or neutral axis) is at half the depth of the section. 

3d. The elongations or compressions increase as their distance 
from the neutral axis. 

4th. The resistance is the same whether the neutral axis is at 
the middle of the depth or at any other point. 

5th. The lever arm of the resistance is f of the depth. 

We here find some of the essential principles of the resist- 
ance to fiexure, as recognized at the present day; but the two 
last are erroneous. As hereafter shown, the neutral axis is at 
half the depth, and the lever arm is f of i the depth. 

Leibnitz's theory, given in 1684, was the same as Marriotte's. 

69. JAMBS BBBNOUiLLPS THBOBT was essentially the same 
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as Marriotte's, except that he stated that extensions and compres- 
sions were not proportional to the stresses. " For," said he, " if 
it is true, a bar might be compressed to nothing with a finite 
for(;e." On this point see Article 16. He was the first to give 
a correct expression for the equation of the elastic curve. 

7©, PARENTIS THBORir* — ^Parent, a French academician 
of great merit, but of comparatively Kttle renown, published, in 
1713, as the result of his labors, the following principles, in 
addition to those of his predecessors: — 

1st. The total resistance of the compressed fibres equals the 
total resistance of the extended fibres. 

2d. The origvn of the moments of resistance should be on 
the neutral axis. 

By the former of these principles the position of the neutral 
axis may be found, when the straining force is normal to the 
axis of the beam ; and by the latter he corrected the error of 
Marriotte and Leibnitz ; showing that the ratio of the absolute to 
the relati/ve strength is as six times the length to the depth, in- 
stead of three, as will be shown hereafter. 

71* couiiOniB, IN 1773, PUBiiisHKD the most scientific 
work on the subject of the stability of structures which had 
appeared up to his time. He deduced his principles from the 
fundamental equations of statics, and generalized the first of 
the principles of Parent, which is given above, by saying that 
the algebraic sum of all the forces must he zero on the three 
recta/ngula/r axes. This establishes the position of the neutral 
axis when the applied forces are oblique to it, as well as when 
they are normal. He also remarked, that if the proportionality 
of tiie compressions and extensions do not remain to the last, or 
to the point of rupture, the final neutral axis will not be at the 
centre of the section. 

79. MOBuiiirs OF BiiASTiciTT.— In 1807 Thomas Young 
introduced the term mochdus of elasticity^ which we have defined 
as the coeflScient of elasticity in Article 5. After this several 
writers, among them Duhamel, Navier in his early writings, and 
Barlow in his first work, stated the erroneous principle, that the 
sv/m of the moments of the resistances to compression equalled 
those for tension. 
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73« IN i8a4 NATiBR PUBiiisHBB the lectuies which he 
had given to V^cole dea PonU et Chcmsaeea^ in which he estab- 
liBhed more clearly those principles of elastic resistance, and 
resistance to rupture, which have since his day been accepted 
by nearly all writers. He was the first to show that when the 
stress is perpendicular to the axis of the beam, the neutral aom 
jxisses through the centre of gravity of the transverse sections. 
His most important modifications in the analysis was in making 
ds = dx, or otherwise, considering thatybr small deflections the 
ta/ngent of the angle which the neutral axis makes with the 
original aods of the beam, is so small corwpa/red with unity that 
it mxiy he neglected ; and also, that the lever arm of the force 
remains constant during fiexure. These principles we have 
used in Chapter V. He resolved many problems not before 
attempted, and became an eminent author in this department 
of science. 

74* THEB ooinnoN tmrort. — The theories of fiexure and 
of rupture which result from these numerous investigations, 
I will call, for convenience, the common theory. It consists 
of the following hypotheses : — 

1st. The fibres on the convex side are extended, and on the 
concave side are compressed, and there are no strains but com- 
pression and extension. 

2d. Between the extended and compressed fibres (or elements) 
there is a surface which is neither extended nor compressed, but 
retains its original length, and which is called the neutral surface, 
or in reference to a plane of fibres it is called the n&utraZ axis. 

3d. The strains are proportional to their distance from the 
neutral axis. 

4th. The transverse sections which were normal to the neu- 
tral axis of the beam before fiexure, remain normal to the neu- 
tral axis during fiexure. 

5th. A beam will rupture either by compression or extension 
when the modulus ofruptv/re is reached. 

6th. The Ttwdulus of rupture is the strain at the instant of 
rupture upon a unit of the section which is most remote from 
the neutral axis on the side which first ruptures. This is 
called R. 

The remainder of this article properly belongs to Chapter 
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VI.J but it is given here so that the reasons for Barlow's theory 
may be understood. 

If a beam ruptures on the convex side, it appears that it 
ought to break when its tenacity (T) is reached ; but it is found by 
experiment that in this case R always exceeds T. Similarly, it 
would seem that if it failed by crushing on the concave side, as 
in the case of rectangular cast-iron beams, E ought to equal C, 
but experiment shows that in this case R exceeds C ; and gen- 
erally the value of R is always between those of T and C for 
the same material, being greater than the smaller, and less than 
the larger. The values of E in the tables were deduced from 
experiments upon rectangular beams, as will hereafter be 
shown ; and hence, if the common theory is correct, R should 
equal the value of the lesser resistance, whether it be for com- 
pression or extension ; but it does not. This discrepancy be- 
tween theory and the results of experiment * has led Barlow 
to investigate the subject further, and it has resulted in a 
new theory which he calls " Resistance to Flexure " — an ex- 
pression which I consider unfortunate, as it does not express his 
idea. " Longitudinal Shearing " would express his idea better, 
as will appear from the following article : — 

y5, BARiiO ws TMBOR Y. — ^According to the common theory 

♦ Mosley's Mech. and Arch. , p. 567. * * The elasticity of the material has been 
supposed to be perfect up to the instant of rupture, but the extreme fibres are 
straiiied much beyond their elastic limits before rupture takes place, while the 
fibres near the neutral axis are but slightly strained, and hence the law of pro- 
portionality is not maintained, and the position of the neutral axis is changed, 

HI 

and the sum of the moments is not accurately -=- (see equation 171). To de- 

termine the influence of these modifications we must fall back upon experiment, 
and it has been found in the case of rectangtdar beams that the error will be 

corrected if we take — T (= B) instead of T, where m is a constant depend- 

m 

ing upon the material." 

Weisbach, vol. ii., 4th ed., p. 68, foot-note says, '^Excepting as exhibiting 
approximately the laws of the phenomena, the theory of the strength of mate- 
rials has many practical defects." 

In the Report of the Ordnance Department, by Maj. Wade, p. 1, it says: — 
'* A trial was made with cylindrical bars in place of square ones. These gen- 
erally broke at a point distant from that pressed, and the results were so ano- 
malous that the use of them was soon abandoned. The formula by which the> 
strength of round bars is computed appears to be not quite correct, for the unit 
of strength in the round baxs ia uniformly much higher than in the square bars 
cast from the same iron." 
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the resistance at a section is the same as if the fibres acted in- 
dependently of each other, and the transverse section remained 
normal to the neutral axis. But Barlow correctly considers 
that in order to keep the transverse sections normal to the 
neutral axis, the consecutive planes of fibres must slide over 
each other, and to this movement they offer a resistance. 

He presented his view to the Eoyal Society (Eng.), in 1855, 
and it has since been published in the CvvU Engmeer and 
Architects Journal^ vol. xix., p. 9, and vol. xxi., p. 111.* The 
subject is there discussed in a very able and thorough manner, 
and although he may have failed to establish his theory, by not 
taking into account all the incidents which exist at the instant 
of rupture, yet the results of his analysis seem to agree more 
nearly with the results of experiment than those obtained by 
any other theory heretofore proposed. 

It IS admitted in this theory that a beam will rupture when 
the stress upon any fibre equals its tenacity, or its resistance to 
compression, as the case may be. But, on the other hand, when 
the adjacent fibres are unequally strained, as they are in the 
case of flexure, it requires a greater stress to produce this 
strain than it would if the fibres acted independently, ac- 
cording to the previously assumed law. This, 
Barlow makes evident from the following 
example : — 

If a weight, P, Fig. 27, is suspended on 
a prismatic bar, BCEF, all the fibres will 
be equally strained, and hence equally elon- 
gated. 

But if the bar ABCD be substituted for 
the former, and the weight P acts upon a part 
of the section, as shown in the figure, it is evi- 
dent that all the fibres will not be equally 
strained, and hence will not be equally elon- 
gated ; and if the force P was just sufticient to 
rupture the bar FBCE, it will not be sufiicient 
to rupture the bar ABCD, although P acts 
directly upon the same section, for the cohe- piQ. ^ 




\ 




* Civ. Eng. andAreh. Jour., Vol. xix., p. 9, Barlow sajs that the strength 
of a cast-iron rectangular bar, as found from exiBting theoiy, cannot be recon- 
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sion of the particles along FE will not permit the fibres next 
to that line to be elongated as much as if the part AFED 
were removed ; and these fibres will act upon those adjacent, and 
so on, till they produce an effect upon BO. From this we 
see that it takes a greater weight than P acting upon the section 
EC to produce a strain T per unit of section, when the part 
ADEF is added. It is also evident that if the sekction of 
ABCD is twice as great as FBCE, it will not take twice P to 
rupture the fibres on the side BC. 

A phenomenon similar to this takes place in transverse 
strain. One side is compressed and the other elongated ; and 
the fibres less strained aid those which are more strained by 
virtue of the cohesion which exists between them, and it takes 
a greater force to cause a strain, T, longitudinally upon the 
fibres than it would if there were no cohesion. 

There is, then, at the time of the rupture of a beam, a tensile 
strain on the extended fibres, and a compressive strain on 
the other fibres, and a longitudinal shearing strain between the 
fibres, due to cohesion. These remarks will, I trust, enable the 
reader to understand the difference between the "Oommon 
Theory " and " Barlow's." 

Barlow's Theory consists of the following hypotheses : — 

1st. The fibres or elements on the convex side are extended, 
and on the concave side compressed. 

2d. There is a neutral surface, as in the common theory. 

3d. The tensive and compressive strains on a fibre are pro- 
portional to the distance of the fibre from the neutral axis. 

4th. That in addition to these there is a "Resistance to 
fiexure " or longitudinal shearing strain, which consists of the 
following principles : — 

a. It is a strain in addition to the direct extensive and com- 
pressive forces, and is due to the lateral cohesion of the adja- 



ciled with the resnlts of experiment if the neatral axis be at the centre of the 
sections. He then proceeded to show by experiment that the neutral axis is 
at the centre, and then remarked that the formula commonly used for a beam 

supported at the ends and loaded in the middle, or W = 5 — ^ — ^^ °<^^ fiT^^® 

half the actual strengfth if T Ib the tenacily of the iron. He then pro- 
ceeds to point out a new element of strength, which he calls ^^Eesistance 
to Flexure." 

6 
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cent surfaces of fibres or particles, and to the elastic reaction 
which ensues when they ai*e unequally strained. 

h. It is evenly distributed over the surface, and consequently 
within the limits of its operation its centre of action will 
be at the centre of gravity of the compressed or of the ex- 
tended section. This force for solid beams Barlow calls ^, and 
for T or I sections, or open-built beams, it is easily deduced 
from the following principle : — 

0. It is proportional to and varies with the inequality of 
strain between the fibres nearest the neutral axis and diose 
most remote. 

From this it appears that if d^ is the depth of the horizontal 

flanges of the I section, and d^ the distance of the most remote 

fibre from the neutral axis, then the resistance to Jlexiere of the 

d' 
flanges will be ^ ^ and similarly for other forms. 

5. Sections remain normal to the neutral axis during flex- 
ure. 

6. Rupture of solid beams takes place when the strain on a 
unit of section is T+ ^, or C + ^, whichever is smaller, or 
rather, whichever value is first reached. 

76. REMARKS UPON THE TnEORiEs. — ^For Scientific pur- 
poses it is desirable to determine the correct theory of the 
strength of beams, but the phenomena are so complex that it 
is not probable that a single general theory can be found 
which will be applicable to all the irregular forms of beams 
used in practice. Although Barlow's theory appears plausible, 
yet according to principle g the resistanoe to flexure, ^, can- 
not be uniform over the surface, as stated in principle S, because 
the proportionality of the elongations and compressions do not 
continue up to the point of rupture. The common theory is 
faulty beyond what has already been said in the I section ; for 
in the upper and lower portions the strains on all the fibres are 
not proportional to their distances from the neutral axis, to 
realize which the material should be continuous ; and Barlow's 
theory is defective in the same case, on account of the peculiar 
strains upon the fibres at the angles where the parts join. . For 
rupture, then, we can use these theories to ascertain general facts, 
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and make the results safe in practice by using a proper coeffi- 
cient of safety ; but for flexure the common theory is suffi- 
ciently exact if the elastic limit is not passed, and this is for- 
tunate as the conditions of stability should be founded on the 
elastic properties rather than on the ultimate strength of the 
material. For the rupture of rectangular beams the common ' 
theory will be sufficiently exact if the value of R is used instead 
of T or C in the formulas. 



POSITION OF THE NEUTRAL AXIS. 
77, POSITION FOIJNB EXPERIIXIBNTALLV. — ^AcCOrdiug tO 

Galileo's, Marriotte's,and Leibnitz's theories, the neutral axis is on 
the surface opposite the side of rupture. 

Professor Barlow made the following experiments : — He took 
a cast-iron beam and drilled holes in its side, into which were fit- 
ted iron pins. He carefully measured the distance between the 
pins, before and after flexure, by means of a micrometer, and thus 
found that in solid cast-iron beams bent by a normal pressure 
the neutral axis passes through tJie centre of the sections (Civ. 
Eng. Jour., vol. xix., p. 10). He also made the same kind of 
an experiment on a solid rectangular wrought-iron beam, and 
with the same result (Civ. Eng. Jour., vol. xxi., p. 115). 

Some years previous to the preceding experiments, he took a 
bar of maUeahle iron and cut a transverse groove in one side, into 
which he nicely fitted a rectangular key. When it was bent, the 
fibres on the concave side were compressed, and the groove made 
narrower, so that the key would no longer pass through, and thus 
he showed that the neutral axis was between J and \ the depth 
of the beam from the compressed side (Barlow's Strength of 
Materials, p. 330 ; Jour. Frank Inst., vol. xvi., 2d series, p. 194). 

.Experiments made at the Conservatoire des Arts et Metiers^ 
in 1856, on double T sections, show that it passes through the 
centre of the sections (Morin, Resistance des MateriauXy p. 
137). And experiments made at the same time on rectangular 
wooden beams showed that it passed at or very near the centre 
of gravity of the sections. 

In these experiments the elasticity of the material was not 
seriously damaged by the strains. To render them complete, 
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the strainB ehould have been carried as near to the point of rap 
tore as possible. 

78. POSITION DBTBRBUNEII ANALTTICAliIiT* — ^We knOW 

from statics that the algebraic sum of all the forces on each of 
the rectangular axes mnst be zero for equilibrium ; hence, if the 
deflecting forces are normal to the axis of the beam, the eum of 
the resiatcmcea to compression must equal those for tension. 

1st. Suppose that the coefficient of elasticity for compression 
equals that for tension. Then will the compressions and exten- 
sions be equal at equal distances from the neutral axis. In Fig. 
28, let Be he the strain on a unit of fibres most remote from 
the neutral axis on the compressed side, and d^ = the distance 
of the most remote fibre on the same side ; then, 

Z-l= s = strain at a unites distance from the neutral axis. 

Let >fe„ A:,, ^„ &c., be the sections of fibres on one side of the 

neutral axis, at distances of 

Vxt y« y« ^^'^ from the axis, and 

J(f^ J(f\ Vy &c., and y', y", y'", &c., corresponding quan- 
tities on the other side. 

Then s {k,y, + k^, + h^, -h (fee.) = s {k'y' + k'Y + k''Y' + &<5-)i 
or,%,+*j^.-f*.y.+&c.-(*y-fA;'y'+^''y-|-&c.) = 0, 
or, x^ = (35) 

or the neutral axis passes through the centre of gravity of the 
sections.* 

If the resistance to compression is greater than for tension, 
the neutral axis will be nearer the compressed side than when 
they are equal. 

2. Suppose that the coefficient of elasticity is not the same 
for tension as for compression. 



* The analytioal ezpreasion for the oidiiutte to the oentre of graTily u 

Y = ^>yi + k^y% + &0. Jc'u' + k"y" + Ac , ^^ — ^ /fydpdx ^ 

*i 4- *, -f &c. + *' + *• 4- &o. /y<to 

^ fjy^y^ = ^ Y = 0. 
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? Let Fig. 28 represent the beam. Suppose that the sections 

CM and EF were parallel be- 
fore deflection. If through N, 
the point where EF intersects 
the neutral axis, KH is drawn 
parallel to CM, the ordinates 
between EF and KH will re- 
present the elongations on one 
side, and the compressions on 
the other, for those fibres 
Fio. 2a whose original length was LN". 

Let I = LN, 

A = ^d = the elongation of a fibre at h / 
j> = a pulling or pushing force which would produce a ; 
y = IS^k = distance of any fibre from the neutral axis ; 
h = section of any fibre ; 
E^ = coeflSicient of elasticity for tension ; and 
Ec = " " " compression. 

From equation (3) we have, 



I 

But A is directly proportional to its distance from the neutral 
axis ; hence, if o be a constant quantity, whose value may or 
may not be known, we shall have a = (jy 

••JP = ""7~' (36) 

Or, if we adopt the same notation as in the preceding case, we 
shall have for the total force tending to produce extension. 



^ = V"^**^' "*" ^"^^ "^ *"^" "^ ^^'^ 



Similarly for compression 



V 



- (3T) 



(38) 



Placing these equal to each other and we have, 

E,(%, + %. + kj/, + (fee.) = E, {ky -h k'Y + k'y+&c.) 

or, in the language of the integral calculus. 



V 



E, ^^dydx = Ec s ydydxy 



(39) 
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in which y is an ordinate and x an abscissa. Equation (39) 
enables us to find the position when the form of section is 
known. In most cases, however, the reduction is not easily 
made. 

Examjie, — Suppose the aectioiis aze zeotangalar. 

Let b = AG, 
<I = AB, 

Ec] 

y = AE for tibe sapezior limit. 

Then equation (89) becomes Fio. 89. 




a / / ydydx = / / ydyda^ which lednced becomes 



-*! =![.-,]• 



•. y = 



2 



l+\/a 



(40) 



Ifa = l,y = 



a= »,y = 
a = 0, ^ = (2. 

If ^ is known in equation (40), the ratio of the ooefftcientB may easily be 
found; for, we have from (40) 



»=^r=i' 



(41) 



y / Ec 

3d. Suppose that the deflecting force is not perpendicular to 
the axis, and Ee = E| = £. 

Let ^ = the angle which P makes with the axis of the beam 
Fig. 30 ; 

Pi = P COB * = the com- 
ponent of P in the direction 
of the axis of the beam; 

Pj = P sin < = the com- ' 
ponent of P perpendicular 
to the axis of the beam; 

h = the distance of the 





Fro. aa 



neutial axis from the centre of gravity of the section AB, and 
K = the transverse section. 
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The whole force of compression equals the whole force of 
extension, equations (37) and (38). 

.'. p cos 5 + i~jjy ^y ^ ~~rjjy ^y ^ 

But the ordinate to the centre of gravity is (see foot-note on 
page 84), 

/. P cos ^ = -j-KA 

^^^^lEK^^^ ------- (42) 

If $ = 90^, A = as before found. 

If # = there is no neutral axis, for the force coincides with 
the axis of the beam. The equation would show the same re- 
sult, if the value of c = - = -, equation (45), were substituted 

in the formula, for then p would be infinite, for c = Oy and 
A becomes infinite. 

4th. Let the law of resistance be according to Barlow's 
theory qfjkxure, and the deflecting forces normal to the axis 
of the beam. 

Using the same notation as before, also 

d^ = the distance of the most remote fibre frcei the neutral 
axis, and 

^ = the coefficient of longitudinal shearing stress. 

/v 
y dx = the resistance to shearing for tension, 

/o 
y dx = the resistance to shearing for compression, 
-y 
and, proceeding as we did to obtain equation (39), we have 

^fjy^y^^^Jy^^-^Sf ydydx-^<pj ydx.{^Z) 

Examples. — Let the sections be rectangular, b = the breadth, d = the depth. 
Then (43) becomes 

i T(?i + ^ di = g^ id - (fi)« + (pid- di) 

Td 
.\di=^' or, di= - — • , 

4^ 
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the former only of which is iifliniwdble. 

If the Boctioii is a double T» ^ >a ^* ^^* ^^ 
the notation as in the figoze, ^ will be nsedin find- 
ing the zeostanoe of the yertioal rib, and according 

to Article 75, ^t— ^ of the lower flange, and 
f -T- ot the npper flange. 



ir 



A 



W>*«AaV»»WM*^«*« »•*« > 
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It appears from these several cases that the neutral axis 
passes near the centre of gravity in most practical cases, and it 
will be assumed that it passes through the centre unless other- 
wise stated. 
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CHAPTEE lY. 

[SHEARING- STRESS. 

79. GENERAL STATEiHBNT. — ^Two kinds of shearing stress 
are recognized — ^longitudinal and transverse — both of which have 
been defined in Article 2. Materials under a variety of cir- 
cumstances are subjected to this stress — such as, rivets in shears ; 
the rivets in riveted plates; pins and bolts in spliced joints; 
beams subjected to transverse strains ; bars which are twisted ; 
and, in short, all pieces which are subjected to any kind of distor- 
sive stress in which all parts are not equally strained. In the 
first examples above enumerated, all parts of the section are 
supposed to be equally strained. Shearing may take place in 
detail, afi when plates or bars of iron are cut with a pair of 
shears, when only a small section is operated upon at a time ; or 
it may be so done as to bring into action the whole section at a 
time, as in the process of punching holes into metal, where the 
whole surface of the hole which is made is supposed to resist 
uniformly. 

go. MODuiiirs OF SHEARiifo. — The modulus of resistance 
to shearing is the resistance which the material offers per unit 
of section to being forced apart when subjected to a shearing 
stress. 

This we call Ss. The resistance for both kinds of shearing 
has been found to vary directly as the section; so that if 
K = the area of the section subjected to this stress the total re- 
sistance will be 

K.Ss. 

The value of Ss has been found for several substances, the 
principal of which are as follows : — 
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Metals. 

89 in lbs. per aqnaie 
inch. 

Fine'cast Steel * 92,400 

Eivet steel t 64,000 

Wrought iron * 50,000 

Wrought-iron plates punched X - - 61,000 to 61,000 

Wrought iron hammered scrap punched § - 44,000 to 52,000 

Cast iron ------ 80,000 to 40,000 

Copper I 33,000 

Wood. 
With the Jvl/res. 

White pine 480 

Spruce 470 

Firl 592 

Hemlock** 540 

Oak 780 

Locust 1,200 

Across the fibres. 

Eedpine 500 to 800 

Spruce 600 

Larch tt 970 to 1,700 

Treenails, English oak :j::|: - - - 3,000 to 6,000 

It will be seen from these results that the shearing strength 
of wrought iron is about the same as its tenacity ; of cast steel 
it is a little less than its tenacity ; of cast iron it is double its 
tenacity, and about f its crushing resistance ; and of copper it 
is about f its tenacity. 

The following table, which gives the results of some experi- 
ments upon punching plate iron, illustrates the law of resistance, 
and gives the value of Ss for that material. 

* Weiflbabh Mech. and Eng., yoL i., p. 407. 

f Eirkaldy's Exp. Inq., p. 71. 

X Proo. Inst. Mech. Eng. England, 1858, p. 76. 

§ Proc. Inst Mech. Eng. England, 1858, p. 73. 

I Stoney on Strains, vol. ii., p. 284. 

^ Barlow on the Strength of Materials, p. 24. 

*'*' Engineering Statics, Gillespie, p. 38. 

f f Tredgold^s Garpentiy, p. 42. 

XX Murray on Shipbuilding Wood and Iron, p. 04. 
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TABLE 








Of Experiments an Punching Plate Iron* 




Diameter of the 


Thidknen of the 


Sectional area cat 


Total preflsnreon 


Pressnre per aqnaze 


hole. 


plate. 


through. 


the punch. 


inch of area. 


Incb. 


Inch. 


Bqnaie inch. 


Tons. 


Tons. 


0-259 


0-437 


0-344 


8-384 


24-41 
27-21 


0-500 


0-625 


0-982 


26-678 


0-750 


0-625 , 


1-472 


34-768 


23-6 


0-875 


0-875 


2-4a5 


65-500 


23-1 


1000 


1000 


8-142 


77170 


24-6 



These results give for the value of Sa from 61,000 lbs. to 
61,000 lbs. The total resistance varies nearly as the cylindrical 
surface of the hole. 

APPLICATIONS. 

81* PBOBI.BM OF A Tiss-BEAn. — To find the relation be- 
tween the distance AB, Fig. 32, and the depth of a rectangu- 
lar heam helow the notch^ ho that the total shea/ring strength 
shaJl eguaZ the total tenacity. 




Let h = AB = the distance of the bottom of the notch from the 
end, 
d = the remaining depth of the beam, 
h = the section of AB, 
K = the section below A, 
T = the modulus of tenacity, and 
Ss = the modulus of shearing strength: 
Then the condition requires that 

TK = /&*, but * : K : : A: ^ 
*^_A_ T 

•'• K "■ (« " /S« 
T^ 

••^ Us 



* ProoeediagB Liist. Mech. Eng., 1858, p. 76. 
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T 12000 
ExampU,^'FQft Oak ^r = -n^r = l^lk nearly ; heiioe AB ahoiild be abont 15^ 

times the remaining depth. 

83. KivBTBD PLATB8« — Giveu the dia/meter of ike ri/vets ; 
it is required to find the distance between them from centre to 
centre, so that the strength of the rivets for a single row shall 
equal the strength of the remaining iron in the plates. 

Let d = the diameter of the rivets, 

= the distance between them from centre to centre, 

k = the section of the rivet, 

K = the remaining section of the plate, and 

t = the thickness of the plate. 
For iron T = Ss ; hence, proceeding as above, and we have 
k_ {wd" 0.7854tfP 

K^tic-'d)-^ •'•^- t +*• 

JBhumiples. — If t = 1 inch, and d = ^ inoh ; 
then 6 = 1.2854, inch, 

and ?-^ = 0.61. 

e 

/? — /f 

Ut = i inch, and <2 = f inch ; then 6 = 0.8238 and = 0.544, which is 

c 

nearly the yalae given by Fairbaim for the strength of single riveted plates. 

See Artide 27. To insure this strength the rivet should fit tightly in the hole. 

88* I<ONGITUBINAI« SHBARING IN A BENT BBAM. — ^Whcn 

a beam is subjected to a transverse stress, we have already seen. 
Articles 74 and 75, that the fibres are unequally strained, 
and hence are unequally elongated and compressed. This can- 
not be done without producing a shearing stress between the 
adjacent elements or fibres, as shown in Figs. 27 and 28. This 
shearing strain rarely overcomes the cohesion of the particles, 
but if they were held only by friction it might overcome that. 
To illustrate this latter idea, suppose several boards from 
ordinary lumber are placed upon each other, and the whole 
supported at the ends in any convenient way. When in this 
condition draw several straight lines across the pile, perpen- 
dicular to the central board. Then deflect the whole by a 
weight at the middle, or in any other convenient manner, and it 
will be observed that the lines are no longer straight, but bro- 
ken, and the general direction does not remain normal to the 
axis or central board. In the experiment the top layer, instead 
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of being shortened as in a solid beam, retains its length by 
overcoming the friction between the top board and the one im- 
mediately under it. The friction, whether it be much or little, 
represents the shearing stress in a beam. 

The elongations and compressions of the fibres in a bent 
beam being proportional to their distances from the neutral 
axis, Article 74, it follows that the shearing stress is evenly dis- 
tributed over the cross section ; and that, beginning at the 
axis, the total shearing stress increases uniformly with the dis- 
tance from the axis. In a beam which is bent by forces per- 
pendicular to the axis the shearing resistances to compression 
and tension form a couple whose arm is the distance between 
the centre of the compressed section and the centre of the 
extended section. This resistance in bent beams is generally 
elastic. The coeflBcient of elasticity for this case for fibrous 
bodies has not been determined. 

84. TRANSTBRSB SHEARING IN RENT REAMS. — QuitO 

analogous to the preceding case is that of transverse shearing in 
a beam which is bent by external forces. Kef erring to Fig. 28, 
in order that the weight P should be sustained by the horizon- 
tal beam, there is necessarily a vertical force, or a vertical com- 
ponent of forces in the beam, and it is the same at all sections 
between A and B. This is easily shown by the principles of 
mechanics. 

In order to simplify the problem, suppose that all the bend- 
ing forces are in a plane, and let 

P, Pj, P„ &c., be the bending forces, 

F, F„ F„ &c., be the forces in a beam, each of which is the re- 
sultant of all the forces concurring at that point, 

«, «i, «j, &c., the angles which P, P„ &c., make with the axis 

of a?, 

a, a^y ^j, ifec, the angles which F, Fj, F„ <fec., make with the 

axis of Xy and y an axis perpendicular to x. 
Then the principles of statics give the following equations : 

xP cos « 4- sF cos a = 0, 

xP sin « -f- xF sin a = 0, 

X(Pycos« — Pa?sin «) -F X (Fycosa — Yx%ma) = 0. 

Let X coincide with the axis of the beam, and let all the forces 
be vertical ; or « = 90° or 180° ; then 
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: (1) . . . rFco6a = ^ 

(2) . . - s + P+sFBma = 1(44^) 

(3) - - - x±Paj+ xFycosa— sFaJBinei = J 

The first of these equations shows that the sum of the resist- 
ing forces parallel to the axis is zero ; or that the total compres- 
sion equals the total tension. This is equation (35) in another 
form. The second shows that the sum of the bending forces 
equals the sum of the vertical components of the resisting forces. 
If we let Ss represent a strain as well as a modulus, this equa- 
tion becomes xP = xF sin a = /Si?, which is the result sought 

This is as far as it is necessary to carry the investigation in 
this connection ; but it may be well to show the use of the 
third equation. If we use a resultant moment for each of the 
above sets of moments the equation becomes 

P V - x'' xF sin a = F'y' , 
or, P V - x'' Ss = Fy ; but Ss = xP = P', 
.-. P' {x' - aj") = Fy ; 

hence the shearing stress forms a couple with the applied force, 
— or resultant of applied forces. This equation under the 
form 

xPaj = xFy 

is an essential one in Articles 86 and 136. 

Examples of traxisTerse shearing stress. The second of equations (44a), as 
reduced is, 

1. Let a beam be nnif ormlj loaded over its whole length, and suiyported at 
its ends as in Fig. 42, 

and let w = the load on a foot of length, 
I = the length of the beam, 
y = ^wl = the amount sustained at each support, 
X = any distance from either end ; then 

tox = the load on the length or ; and the expression for the shearing 
stress becomes 

Ss = itd — wa;, 

which is the equation of a straight line (see Fig. 100). Its value is greatest for 
aj = 0, for which it is ltd =- -J W ; and is zero for x = il, 

2. Suppose the beam is supported at its ends, and has a weight at the 
middle of its length. 

Let P = the weight, and the other notation as before ; then Y = ^P, and 
« = ^P — to the middle, and beyond the middle /& = iP — P = — iP ; and 
hence it is constant over its whole length. 
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3. If the beam sostoins a nnif orm load, and also a nnif ormlj increasing 
load from one end, as in Fig. 98, in which Wi is the total load which 



mcreases; 



we have Ss^zY — tox — Wi— 



«« 






85. SHEARING RESISTANCE TO TORSION. — ^Wlien a plece is 
twisted there is a tendency in one section to slip over the 
adjacent one, and the corresponding resistance constitutes 
a shearing strain. It is least at the axis, and increases gradu- 
ally as we proceed from it. 
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CHAPTER V. 



FLEXURE. 




Fig. 88. 



89. SILASTIC CVRTB. 

"When a beam is bent by a transverse strain, equilibrium is 
established between the external and internal forces ; or, to be 
more specific, all the external forces to the right or left of any 
transverse section are held in 
equilibrium by the elastic 
resistances of the material 
in the section. When in 
this state the curve assumed 
by the neutral axis is called 
the elastic curve. 

To find the general equa- 
tion of the elastic curve, let 
Fig. 33 represent a beam, 

fixed at one end, or supported in any manner, an^l deflected 
by a weight, P, or by any number of forces. AB is the 
neutral axis. Take the origin of coordinates at B (or at any 
other point on the neutral axis), and let x be horizontal and 
coincide with the axis of the beam before flexure, y vertical 
and u perpendicular to the plane of osy. The transverse sections 
CM and EF being consecutive and parallel before flexure, will 
meet after flexure, if sufiiciently prolonged in some point, as 
o. Through N draw KH parallel to CM ; then will ke be the 
elongation of a flbre whose original length was ck. We have 
the following notation : — * 

dx = LN =. the distance between consecutive sections, 

yz=zJS(e = any ordinate of the surface, 

u = 'Na or 'Na^ 

i = NN'= the limiting value of u, 

fiy^u) = equation of the transverse section, 

* Seyeral of the more imporfcant problams of this chapter are solved in Axti- 
des 98 to 103, without the use of the calculos. 
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dy du = the transverse section of a fibre, 
i = 'NW = limiting value of u, 
P = ON = the radius of curvature at N, 
jP = the force necessary to elongate any fibre an amount equal 
to A when applied in the direction of its length, 

1 = the moment of inertia of the section, 

E = the coefficient of elasticity of the material, which is sup- 
posed to be the same for extension and compression, 

2 Pa? = a general expression for the moment of applied 
forces. 

We suppose that the strain is within the elastic limit, and 
establish the algebraic equation on the condition that the sum of 
the moments of the applied or deflecting forces equals the sum of 
the moments of the resisting forces. * We also assume that the 
neutral axis coincides with the centre of the transverse sections 
of the beam. 

By the similarity of the triangles LON and XsNe, we have 

ON iNe:: LN : kcyOr f.y :: dx: ?i 

/. A = ?^ (45) 

The force necessary to produce this elongation is (see equa- 
tion (3) ), 

p = Edydu^; 

which becomes, by substituting a from (45), 

E 
p = — ydydu (46) 

and the moment of this force is found by multiplying it by y ; 

E 
.'. jn/=-fdydu (47) 

The total moment of all the resisting forces to extension and 
compression is found by integrating (47) so as to include the 
whole transverse section, and this will equal the sum of the 
moments of the applied forces : 

E r /** Z^+t^ rh /^o 

••. - I / / i;dydii+ I I jfdydu \ =:SPaj 
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j/'dydu = tPx (48) 



u 



The quantity E ffj^dy duy which depends npon the form of 

the transverse section and natm'e of the material| is called the 
moment of fieamre. 

The quantity f fl^dy du^ when taken between limits so as to 

include the whole transverse section, is called the moment of 
inertia of the surface.* Calling this I and equation (48) 
becomes 

EI 

- = SP«, (49) 

which is the equation of the elastio ev/rve. 

An exact solution of equation (49) is not easily obtained in 
practice, except in a few very simple cases ; but when the deflec- 
tion is small an approximate solution, which is generally com- 
paratively simple and always sufficiently exact, is easily found. 

We have, p = (^^t* ^ / '^ ^ ' 
'^ d'ydx d^y 

da? 
= -^ nearly, since for small deflections 

-^ (which is the tangent of the angle which the tangent line to 

the curve makes with the axis of x) is smull compared with 
unity, and hence may be omitted. Hence equation (49) becomes 

Elg = xP«, (50) 

which is the general &j>proxmiate equation of the neutral axis. 

S7* THB MomKENT OF iNSRTiAt of all trausverse sec- 
tions of a prismatic beam, is constant, and hence I is cesistant 
for prismajfci€ beams. 



* Bee Appendix. f See Appendix. 
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For a rectangle, as Fig. 34, we have 




For a circle, the origin of coordinates being at 
the centre ; 

y = r sin ^ 
dydu=irdTd^ 



•/o •/o 



Fig. 84. 




Fig. 85. 



d/rdAw^^^\wT' - - (52) 



SPECIAL CASES OF PRISMATIC BEAMS. 

88. Required the equation of the neutral axis, amount 
OF deflection, and slope of the curve of a prismatio beam, 

WHEN SLIGHTLY DEFLECTED, AND SUBJECTED TO CERTAIN CONDITIONS 
AS FOLLOWS : 

89. CASK I. — Suppose a horizontal beam is fixed at one 

EXTREMITY AND A WEIGHT P RESTS UPON THE FREE EXTREMITY; 
REQUIRED THE EQUATION OF THE NEUTRAL AXIS AND THE TOTAL 
DEFLECTION. 




FiaSa. 




Fig. 87. 



The beam may be fixed by being imbedded firmly in a wall, as 
in Fig. 86, or by resting on a fulcrum and having a weight ap- 
plied on the ^tended part, which is just sufficient to make the 
curve horizontal over the support, as in Fig. 37. The latter 
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case more nearly realizes the mathematical condition of fixed- 
ness. In either case let 

I = AB = the length of the part considered, 
i = the inclination of the curve at any point, and 
A = BC = the total deflection. 
Take the origin of coordinates at the free end, A ; x horizontal, 
y vertical and positive downwards. The moment of P on any 
section distant x from A is Pa?, which is the second member of 
equation (50) in this case. Hence the equation becomes 

ElS = P«' -. (S3) 

Multiply both members by the dx and integrate, and we have 

EI^ = iPa>' + C. (54) 

When the deflections are small, the length of the beam re- 
mains sensibly constant, hence for the point B,aj = Z; and at 

dx/ 
the fixed end ^ = 0. Substitute these values in equation (54), 

and we find C, = — i PP, and (54) gives 

| = ^j(a^-?) = tangi ----- (55) 
The integral of equation (55) is 
y = eli («>• - 3 Z'a>) -f- C, 
But the problem gives y = f or cu = .-. C, = ; 
•••y = ^(a''-3?a;) (56) 

which is the equation of the neutral axis, and may be discussed 
'like any other algebraic curve. 

The greatest slope is at A, to find which make a? = in equa- 
tion (55) 

.'. tang i (at the free end) = — i_ 

The greatest distance between the curve and the axis of x is 
at B, to find which make a? = Z in equation (56), and we have 

VP 
^=^ = -3EI (^^ 



\9 
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If y were positive upward, everything else remaining the 
same, the second member of equation (53) would have been 
negative, for it is a principle in the differential calculus that 
when the curve is concave to the axis of aj, the second differen- 
tial coeflScient and the ordinate must have contrary signs. This 
would make tang i and A positive. It will be a good exercise for 
the student to solve this and other problems by taking the origin 
of coordinates at different points, only keeping x horizontal and 
y vertical. For instance, take the origin atB; at C; at the 
point where the free end of the beam was before deflection ; at 
the middle of the beam ; or at any other point. 

^asowpfo.— If 2 = 5ft.,& = 8in., (Z = 8m., B = 1,600,000 lbs., and ? = 5,000 
lbs. ; required the slope at the free end and at the middle, and the mazimnm 
deflection. 

90* CASE II. — Suppose that the beam is fixed at one end, 
IB free at the other, and has a load uniformly distributed 
over its whole length. — The beam may be fixed as before, as 
shown in Figs. 38 and, 39. 




Fio. sa 
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Let w = the load on a unit of length. This load may be the 
weight of the beam, or it may be an additional load. 
W = wl= the total load. 
Take the origin at A. 

Then v)x = the load on a distance x, and 

i waf = the moment of this load on a section distant 
X from A. 
Hence equation (50) becomes 



Elg = i««^ 



dy w 
w 



(58) 

(59) 
(60) 
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^^^ = -8EI="8EI ^^^> 

In which jT = for a> = Z /. Cj = — -^^y 

y = fora? = /. (7, = 0, and 
y= A fora = Z. 

If the origin of coordinates were at the fixed end, sYx in the 

w 
first case would be P (Z — a?), and in the second. -k{1 — »)'- The 

student may reduce these cases and find the constants of inte- 
gration. This case may be further modified for practice by 
taking the origin of coordinates at different points. 

01« CASK III. — ^Lbt the beam be fixed at one end and a 

LOAD UNIFOEMLY DISTRIBUTED OVER ITS WHOLE LENGTH, AND A 

WEIGHT ALSO APPLIED AT THE FREE END.-r-This is a Combination 
of the two preceding cases, and is represented by Figs. 36 and 
37, in which the weight of the beam is the uniform load. 



.'.El^=Vx + h^; 



andA = -3^j(P + fW) 



(62) 



hence the deflection of a beam fixed at one end and free at the 
other, and uniformly loaded, is f as much as for the same weight 
applied at the free end. 

9ft. CASK IT. — ^LeT the beam BE STJPPORTED AT ITS ENDS 

AND A WEIGHT APPLIED AT ANY POINT. — ^Figs. 4:0 and 41 represent 
the case. 





Fia. 41. 



Let the reaction of the supports be V and V^. Take the 
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origin at A over the support, and let AD = ^ = the abscissa 
of the point of application of P. 

Then, V =^ P, ajid V, = I P. 

The case is the same as if a beam rested on a support at D, 
and weights equal to V and V, were suspended at the ends. 
For the part AD, equation (50) becomes : — 

P(Z — &i 

^^y= — ^^[^^+^i^+{^^^^)\ - - - (65) 

in the last of which^ y = f or a? = /. 0, = as indicated. 

For the part DB, the origin of coordinates remaining at A, 
we have : — 



EI 



^ = _ v«4-Pr^-.^ = p/--' 



J = _ Yx+-P{x-C) = Po ~j-= -YS-x) ; (66) 

•••| = ^l(^-^^)+^'5 ------- (67) 

andy=3^j(2«*-6&!")+C'« + C". - - - . (68) 

To find the constants, make « = <? in equations (64) and (67) 
and place them equal to each other ; do the same with (65) and 
(68) ; and also observe that in (68) y = for a = Z. These con- 
ditions establish the three following equations : — 

-F&{l-c) ^ V<? , „, ^, 



PcVZ-c) „ Pc* ,„ 



// 



(69) 



(70) 
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From these we find 

^ -"6Er 

Hence, for the part AD we have 

To find the maximum deflection, if o is greater than ^l, make 
X = in (69) and find x ; then substitute the value thus found in 

equation (70). If c <iZmake ^ = in equation (67) and substi- 
tute the value thus found in equation (68). 

If D is at the middle of the length, make <? = JZ in equations 
(63), (69), and (70) ; and we have for the curve AD 

Elg = -iPa., (71) 

y = |^(3?«'-4^*), (72) 

andA = - jggj(iffl? = inn(72)) .... (73) 

The greatest stress is at the centre, and the maximum mo. 
ment is found by making aj = ^Z in the second member of equa- 
tion (71). Hence, the maximum moment is 

iPl (73a) 
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In this case the curve DB is of the same form as AD, but its 
equation will not be of the same f onn imless the origin of co- 
ordinates be taken at the other extremity of the beam. 

03. CASK V. — Suppose that. a beam is supported at ob 

NEAB its EXTEEMTTIES, AND THAT A LOAD IS UNIFOBBiLY DISTBIB- 
UTED OVEB PIS WHOLE LENGTH. 

No account is made of the small por- 
tion of the beam (if any) which projects 
beyond the supports. The distance be- 
tween the supports is the length of the 
beam which is considered. 

Let the notation be the same as in the ^w. «• 

preceding cases. 

Then V= j^l = iW= the weight sustained by each support ; 

Yx = ^wlx = the moment of V on any section, as c ; 

^ wx is the load on a?, and the lever arm of this load is 

the distance from its centre to the section c, or ^ ; hence its 

moment is ^a?*, and the total moment is the difiference of the 

two moments. Hence equation (60) becomes 

Eig = M-2»' + aO; - - - (H)' 

do? 24Er ""^ ■*-*«' -^''>'' 
y=2^^(-2iB'+«*+?«);- - - (75) 

andif. = i.in(75),, = A=g|^j=|^^ - (76) ^ 

In these equations ~=0 for x = ^ly .*. C^= ^ • 



dx uy I 24EI' 

and y = for a? = 0, .*. O^ = 0. 

04:« CASK VI. — ^Let the beam be suppoeted at its ends, 

UNIFOEMLY LOADED, AND ALSO A LOAD MIDWAY BETWEEN THE 
BtlPPOETS. 

This case is a combination of the two preceding ones, and 
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may be represented by Fig. 40 ; for the weight of the beam 
may be the miifonn load. Hence, 

EI^=^:jfYx + ^waf^:^wlx - - - - (77) 

Experiments on the deflection of beams are generally made 
in accordance with this case. If the beam be rectangular, we 
have from equation (51)j 

I = tq^, which in (78) gives 



A = 



.[P+|w] (79) 



4EJ^I 

In making an experiment to determine E, the beam is weighed, 
and that portion of it which is between the supports and unbal- 
anced will be W, and all the quantities except E may be directly 
measured. If E be known, we may measure or assume all but 
one of the remaining quantities, and solve the equation to find 
the remaining quantity, as the following examples will illus- 
trate : — 

OS* Mxampies. — 1. If a rectangnlar beam, 6 feet long, 3 inches wide, and 
8 inches deep, is deflected ^cfttai inch by a weight of 8,000 lbs. applied at the 
middle ; required the coefficient of elasticitjr. E = 20,000,000. 

2. If 5 = 2 inches, if = 4 inches, and l=Q feet, the weight of the beam 144 
lbs., and a weight P=10,000 lbs. placed at the middle of the beam deflects it i 
an inch ; required E. E = 14,580,000 lbs. 

8. A joist, whose length is 16 feet, breadth 2 inches, depth 12 inches, and co- 
efficient of elasticity 1,600,000 lbs., is deflected i inch by a weight in the 
middle ; required the weight ; the weight of the beam being neglected. 

Ans. P = 1,562 lbs. 

4. An iron rectangfular beam, whose length is 12 feet, breadth 1^ inches, co- 
effldent of elastioily 24,000,000 lbs. , has a weight of 10,000 lbs. suspended at 
the middle ; required its depth that the deflection may be ^j^ of its length. 

Ans. 8.8 in. 

5. A rectangular wooden beam, 6 inches wide and 80 feet long, is supported 
at its ends. The coefficient of elasticity is 1,800,000 lbs. ; the weight of a 
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cubic foot of the beam is 50 Ibft. ; required the d^h thftt it may deflect 1 inch 
from its own weight. 
How deep most it be to deflect -^ij of its length ? 

6. A cylindrical beam, whose diameter is 2 inches, length 5 feet, weight of a 
cabic indh of the material 0.25 lb., is deflected } of an inch by a weight P = 
8,000 lb& sdsi>ended at the middle of the beam. Bequized the coefficiait of 
elasticity. 

To solTft this substitate I = iwf^ (equation (S^)) in equation (80). This gires 



E = 



12Anr* 



K^] 



7. Beqnired the depth of a rectangular beam which is supported at its ends, 
and so loaded at the middle that the elongation of the lowest fibre shall eqnal 
x^ of its original length. (Good iron may safely be elongated this amount.) 

Equations (49) and (78a) become zr = JP?. •. p=^. In this substitute the 

p Pi 

value of I, equation (51), and it becomes 

P = 5^. By the problem find f» = 700rf 



•••^=\/' 



2100K 



8. Required the radius of curvature at the middle point of a wooden beam, 
when P = 3,000 Iba ; « = 10ft.; d = 4in.; d = 8in.; and E= 1,000,000 lbs. 

Equations (49) and (73a) give p =^ = ^^^i^^^^^^^^* - iqqq inches. 

iFl i ix8,Q00xl0xl2 ' 

9. Let the beam be iron, supp<»ted at itsends. Let ( = 1 in., (2 = 2 in., I = 
8 ft., E = 20,000,000 lbs. Required the radius of curvature at the middle when 
the deflection is i of an inch. Use eqs. (49) and (78) for P at the middle. 

.•«=?£ = ?:? = _?L=r 8,840 inches; 

^ JPJ 1 48E.LA.? 12 a ^>°*"™™> 

4^ «• " 
from which it appears that it is independent of t];e breadth and depth. 

10. The centrifugal force caused by a load moving over a deflected beam 

may be found from the expression ^^, in whidx m is the mass of the moving 

P 

load, V its velocity in feet per second, and p the radius of curvature of the 

beam. (See Mechanics.) 

11. All these problems may be applied to beams fixed at one end, and Pap- 
plied at the free end, or for a load uniformly distributed over the whole length, 
by using the equations under Gases L , IL, and lU. 

According to equation (79) the deflection varies as the cube 
of the length ; and inversely as the hreadth and ouhe of the 

depth, and directly as the weight applied. 
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90. BARtonTJs THEOBT has not, to my knowledge, been 
applied to flexure, but it may be well to inquire what effect it 
would have. In the common theory, it is assumed that the total 
force is expended in elongating and compressing the fibres ; 
but, according to Barlow's theory, a portion of the force is 
absorbed in drawing (so to speak) one fibre over the adjacent 
one ; hence the deflection should be less by this theory than by 
the common one. 

An experiment made by Mr. Hatcher, England, showed 
that it was less. (See Mosley's Mechanics and Engmeermg^ p. 
614.) 

To find E by this theory, ^ will represent ayrac^ie>7iaZjpar^ of 
the strain (not of the ultimate resistance). 

Then ^ ffy dydxiB the moment of resistance to longitudinal 

shearing. 
Hence we have 

Or for a rectangular beam supported at the ends, we have, 
by combining the general moments of equations (71) and (74) and 
using y positive upwards : — 

(4P+4W-4i/7aj)a -iJ(r0 = EI-^ - - . . (81) 

i> is very small for small deflections, but, whatever its value, 
we see that E found by this method will be less than that found 
by the common theory ; and hence less than that given by the 
method in Article 7. 

97 • CASK VII. Let the beam be fixed at one EXTREMrrr, 

SUPPORTED AT THE OTHER, AND HAVE A VOJIGHT, P, APPLIED AT 
ANT POINT. 

- I « t 





Fio. 44. 
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'' The beam may be fixed by being encased in a wall, Fig. 43, 
or by extending it over a support and suspending a weight on 
the extended part suflBicient to make the beam horizontal over 
the support. Fig. 44 ; or by resting a beam whose length is 21 
on three equidistant supports, and having two weights, each 
equal to P, resting upon it at equal distances from the central 
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support, Fig. 45. In the latter case each half of the beam fulfils 
the condition of the case. 

Let I = AB, Fig. 43, be the part considered, 
V = the reaction of the support, 
nl = AD = the abscissa of P, and 
j^ = the deflection of the beam at D. 

Take the origin at A, the fixed end. We may consider that the 
curve DB is caused by the reaction of Y, while all the forces at 
the left of P hold the beam for V to produce its effect. Similarly 
the curve AD is produced by the reaction V and the weight P, 
while all the forces at the left of them hold the beam. In all 
cases we may consider that the applied forces on one side of the 
transverse section are in equilibrium with the resisting forces 
of tension and compression in the section. It is well also to 
observe that the origin of moments is at the centre of the trans- 
verse section^ while the origin of coordinates may be at any 
point. 

cl/u 
For the curve AD we have, observing that ^ = f or a? = 0, 

and y = for a? = : — 

Elg=P(^-«)-V(Z-«), (82) 

^l|=r(*-f)-v(J»-?). TO 

H.= P('^-»4)-T(|:-?). (84) 
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For the point D, we have, by making » = tiZ, 
^ = tan« = [KP-(»-K)V3^; - - - (85) 

y=/=[KP-(K-K)V] 1^. - - - - (86) 

For the curve DB, observe that ^ = tang^ for « = tiZ, and 

y =y for a? = TiZ, nsing for their values (85) and (86) in deter- 
mining the constants in the following equations, and we have : — 

Elg=-V(Z-ar), (87) 

EI§=4Pn'P-T(&-^)' (88) 

Ely = (ia! - i«Z)PnV - V(^- J). . - - - (89) 

To find the reaction V, observe that y = 0, for a; = 2 in (89), 
and we obtain : — 

= (3 - »)P»'? - 2V? ; 

A V = i«,*(3 - «)P- - - - - (90) 

By Bubstitating this valne of Y in the preceding equations, 
they become completely determined. For tibo curve AD we 
shall have : — 

EI ^ = P[n^ - »- i»'(3 - to)(Z - a)] ; - - (91) 

^=^[4nX8-2«'-«'(3-n)(2&-aO], - (92) 

P 
y = jgg J {Qnla^ - Sa!* - n'{3 - n) {Zla? -x*)] ; - (93) 

and for the curve DB : — 

EI § = - iP»*(3 - n) (Z - *), (94) 
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^ = ^l^^-{S-^){^^-^l .... (95) 

y = ^j^[{Qx-2nl)r-{3lx'-x')iS^n)l - (96) ^ 

The points of greatest strain in these tjurves are where the sum 
of the moments of applied forces is greatest, and this is ^^atest 
when the second members of (91) and (94) are greatest. Neither 
of these expressions have an algebraic maximum, and hence 
we mvstjind hy inspeotion that value of x which wiU gi/ve the 
greatest value of th^ function within the limits of the problem. 
Equation (91) has two such values, one for a? = 0, the other for 
X = w7, and equation (94) has one such for a? = nZ, which value 
will reduce (91) and (94) to the same value. 

Making a? = in (91) gives for the moment of maximum 
strain, 

sPaj = iP?[27i-37i;+7iT (97) 

For the moment of strain at P, make cc = nl^ in (91) or (94), 
and we have 

^Yxz=z\YU\-Z-\-yh-n^'\ (98) 

To find where P must be applied so that the strain at the point 
of application shall be greater than if applied at any other 
point, we must find the maximum of (98) : — 

/. Dn = = - 671 + 12«-'— 4»' (99) 

.•.71 = 0.634+ - {100) 

or the force must be applied at more than -^^ of the length of 
the beam from the fixed end. This value of n in (98) gives, 

2Paj = PZ X 0.174 

Equation (99) has two values of ti, but the other is not within 
the limits of the problem. 

The position of the weight, which will give a maximum strain 
at the fixed end, is found by making (97) a maximum. Pro- 
ceeding in the usual way, we find : — 

^ = l±i 1/3 = 0.422+ (101) 

which in (97) gives, sPaj =5= PZx 0.181 ... - (102) 
and in (98) sPi» = PZ x 0.131 + 

To find where P must be applied so that the strain at the 
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point of application will equal the strain at the fixed end, make 
equations (97) and (98) equal to each other, and find n. This 
gives, 

n= \s.4:Ul+; (103) 

i 0. 6858 +. 

But n = 0.6858 + is the only practical value. 
To find where P must be applied so that the curve at that 

point shall be horizontal, make -^ = 0, and x=znlixi (95). 

This gives n= \ 3.4141 

( 0.5858 

which are the same as the preceding values of n. To find the 

corresponding deflection, make x = nl, and n = 0.5858 +, in 

(93), and we find 

A = 0.0098 ^ (104) 

Jill 

For n < 0.5858, tang i is + 1 

n > 0.5858, tang i is - V - - - - (105) 
n =0.5858, tang i is ) 

To find the maximum deflection when n = 0.634, make -:^ = in 

dx 

(92) or (95), according as the greater deflection is to the right 
or left of P. But, according to (105), it belongs to the curve 
AD ; hence use (92). Making n = 0.634 in (92), placing it 
equal zero, and solving gives, 

» = 0. 6045Z ; 
which in (93) gives, 

VP 

y= A= 0.00957 ~. (106) 

Jill 

To find where P must be applied so as to give an absolute 
maximum deflection ; first find the ahscissa of the point of 
maximum deflection, when P is applied at any point by making 

$^ = in (92), and thus find 
dx 

' = -f -^f^'- ■ ■ -. ■ w 

which, substituted in (93) gives the corresponding maximum 
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deflection. Then find that value of n which will make the 
expression a maximmn. 
The point of contra-flexure in the curve AD is found by 

making ■^= in (91) (see Dif . Cal.) which gives, 
cue 



X=: 



ZM - nH - 2nl 



If n = I", a; = -^l. 

The second member of (91) is the moment of applied forces, 
and as it is naught at the point of contra-flexure, it follows that 
at that point there is no bending stress, and hence no elongation 
or compression of the fibres, but only a transverse shearing 
stress, the value of which is determined in Article 153. 

If a beam rests upon three horizontal equidistant supports, 
and two weights, each equal P, are placed upon it, one on each 
side of the central support and equidistant from it, it fulfills 
the condition of a beam fixed at one end and supported at the 
other, as before stated, and the amount which each support will 
sustain for incipient fiexure may easily be found from the pre- 
ceding equations. 

The three supports will sustain 2P, and the end supports each, 
sustain V = \n\Z - rCjP. (See Eq. (90).) 

Hence, the central support sustains 

V =2P-nX3-n)P. 
If w. = i, V = VV P, and V' = ff P. 



98. CASE VIII. — ^Let the beam be fixed at one end, sup- 
ported AT the other, and rNIFORMLY LOADED OVER ITS WHOLE 
LENGTH. 





Fig. 45. Pio. 46. 

Take the origin at A, Figs. 45 and 46, and the notation the- 
same as in the preceding cases, then equation (50) becomes 



El^ = 4^'-Vaj 



(108> 
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Integratinggive8g = ^(aj'-?)+2j(?-«0, (109) 

in which ^ = f or a? = Z, and y = f or « = 0. 
dx 

If V = 0, these equations become the same as those nnder 
Case II. 

Inequation (110) y is also zero, for x — l\ for which values 
we have V = I W= |t^?Z (Ill) 

This value substituted in equations (108), (109), and (110) 
gives: — 

EI^=iw«B(4aj-3;); (112) 

l=iSl(«^-»^ + ^)> ..... .(113) 

The point of maximum deflection is f oimd by placing equa- 
tion (113) equal zero and solving for x. This gives 

l±i^33, ^,^,^, 
a = -^g 1 = 0.4216Z ; 

and this in (114) gives 

y = A = 0.0054-^' (115) 

There are two maxima strains ; one for a? = ^ ; the other for 
oj = f Z. The former in (112) gives 

sPaj = iw;? = iWZ, (116) 

and the latter gives 

2Pa; = -> -db WZ = - ^ WZ nearly. 

The point of contra-flexure is found from equation (112) to 
be at a? = f Z, at which point the longitudinal strains are zero, 
and there is only transverse shearing. (See Article 84.) 

If the beam is supported by three props, which are in the 
same horizontal. Fig. 46, then each part is subjected to the same 
conditions as the single beam in Fig. 45. Hence, if W is the load 
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on half the beam, each of the end props will sustain V = f W, 
(Eq. (Ill) ), and the middle prop will sustain 2W- f W = JW. 

Such are the teachings of the " common theory." But the 
mathematical conditions here imposed are never realized. It is 
impossible to maintain the props exactly in the same horizontal.^ 
As they are elastic they will be compressed, and as the central 
one will be most compressed, the tendency will be to relieve the 
strain on it and throw a greater strain upon the end supports. 
If the supports be maintained in the same horizontal, the results 
above deduced will be practically true for very small deflec- 
tions, but will be somewhat modified as the strains approach the 
breaking limit. 

99. OASB IX. — ^Let the beam be fixed at both ends Ain) 

A WEIGHT REST UPON IT AT ANY POINT. 

To simplify the case, sup- 
pose that the weight rests ^ 
at the middle of the length. 

Let the beam be extend- 
ed over one support and a 
weight, P, rest at C, sufficient 
to make the curve horizontal 
over the support A. We 
have V = P, + \Y. 

Let AC = ql. 

Then for the curve AD we have, 

^^S = P. (?? + «^) -VaJ = P. ql- \Yx 

To find P, observe that ^ = for a? = \l\ 

dx 

.: = iP.y? - tV P? ; ••. p.? = iP- 
This reduces the preceding equations to the following : — 

EI^ =i-p(l-4tx) - - - - (117) 
and by integrating again, we find : — 
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(119) 
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p7» 

For « = i^ in (119), y = A = jg^gj- (120) 

There is no algebraic maximnm of the moment of strain as 
given in the second member of equation (117), but inspection 
shows that within lihe limits of the problem the moment is 
greatest for aj = or a? = |^Z. These in (117) give the same value, 
with contrary signs ; hence the moment of greatest strain is 

^Tx=±\Yl (121) 

The moment is zero for x = JZ. 

100« CASK X. — ^Let the beam be fixed at both eni>s and 

A LOAD TJNIFOBMLY DISTRIBUTED OVEB ITS WHOLE LENGTH. 

T 




W' 
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The notation being the same as before used, we have 

V = P, + iwl. 

Let ql = AC. 

The equation of moments is 

EI^, = iwa?^Yx + F,(sl + X) 

= i^toof — jfWlx + Pj jZ. 

Integrating, and observing that ^ = f or a? = ; also y 
a? = 0, and we have 

EI^ = \wx^--\wU + Y,qbx 



= Ofor 



Ely = ^vyx' - ^^U-^\Y,ql3?. 



dy 



But ;jr = for aj = Z ; also y = for a; = Z; 



dx 



•'• -^^ - 12 (^ - 12^ 
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which substituted in the previous equations give :— 

1 WZ" 
Fora! = iZin(124),y = A=3gj-gj- (125) 

Making -tt = we find for the points of contra-flexure 



^_, .7887? 



" (0.! 



at which points there is no longitudinal strain, but a transverse 
shearing strain. (See Article 84.) 

The maximum moments are for a? = and a? = \l. 
For aj = 0, the second member of Eq. (122) gives -^l. (126) 
For a? = J?, " " " 3jVWZ. 

Hence the greatest strain is over the support, at which point 
it is twice as great as at the middle. If W= P, we see that 
the strain over the support is f as great in this case as in the 
former. 
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10 !• BE8I7LT8 COI<I«E€TEll. 



[No. or 

TIU 
CASE. 


GOKDmOIC OF 
THVBEAlf. 


How 
LOADED. 


Obnkrat. 

MOMKNTOr 
rLXXUBB. 


Maximux 

MOMKn? or 

BTRK88. 


Is 

24 

12 

6 

8 

4+ 

8 
8 

2 


RRTiATiyB 

Max. deflec- 

TIOH OR CO- 
EFFICIENT or 

1« 

£1 


L 


Fixed at 

ONE END. 


Load AT 

FBEEEND. 


Paj. 
Eq. (53). 


VI 


4P. 

Eq. (57). 


TT. 


Unifobm 

LOAD. 


Eq. (58). 


VNl 


4W. 

Eq. (61). 


IV. 


SUFFOBTED 

AT THE 

ENDS. 


At the 

MIDDLE. 


iP«. 
Eq. (71). 


IK. 


AP. 

Eq. (73). 


V. 


Unifobm. 


iw(to— aj«). 
Eq, (74). 


4m 


JB'g. (76). 


VII. 


Fixed at 

ONE END 

ANDBUP- 

FOBTED AT 

THEOTHEB. 


At 0.6847 

FBOM 

FIXED END. 

Eq. (100). 


For AD 

Eq. (91). 

ForDB 

Eq. (94). 


i(2 v8-3)PJ. 


p 

^ nearly. 

lot ^ 

Eq. (104). 


VIII. 


Unifobm. 


Eq. (112). 


4m 

-B^. (116). 


W 

- nearly. 

Eq. (115). 


IX. 


Fixed at 

BOTH ENDa 


At the 

MIDDLE. 


iP(?-4a?). 
Eq. (117). 


4K 
Eq. (121). 


P 

19t* 

Eq. (120). 


X 


Unifobm. 


)^(P-6to+6a!»). 


Am 

JE5?. (126). 


W 
.E5?. (125). 



103« BEMABKS. — ^It will be seen that the greatest strams 
in the 1st and 2d cases are as 2 to 1 ; and the same ratio holds 
in the 4th and 5th cases ; but in the 9th and 10th the ratio is as 
3 to 2. This is peculiar, and further remarks are made upon 



FLEXUBE. 119 

it in Article 119. The maximum Btrains in Cases VII. and 
VIII. do not occur at the points of maximum deflection. 

Although the moment in the Ist case is to that in the 2d as 2 
to 1, yet the deflections are as 8 to 3 ; and in the 4th and 5th 
cases the deflections are as 8 to 5. 

A comparison of Cases IV. and IX. shows the advantage of 
fixing the ends of the beam. The same remark applies to Cases 
V. and X. In the former cases the strain is only one-half as 
great when the beam is fixed at the ends as when it is supported, 
and in the latter two-thirds as great. 

Other interesting results may be seen by examining the table. 



103. mODIFIOATION OF THE FORIHCITLAS FOR BBFIiBO- 

rriON. — ^It will be observed that the general form of the expres- 
sion for the maximum deflection of rectangular beams is 



A = constant x 



E&f 



Prof. W. A. Norton, of New Haven, Ct., has made experi- 
ments to test the correctness of this expression. (See Vcm Jfos- 
trancTs EoleGtiG Engineermg Mcbgazine^ vol. 3, page 70.) Ac- 
cording to his experiments, y&r heama supported at their ends 
and loaded at the middle^ the expression should be 

For the pine sticks which he used he found the mean value 
of C to be 

C = 0.0000094. 

A consideration of transverse shearing stress, in combina- 
tion with the stretching and compressing of the fibres, leads to 
an expression of this form. For, as we have before seen, the 
strain is evenly distributed over the whole transverse section, 
and hence the deflection will vary inversely as the area, or as 
hd\ it is also uniform over its whole length, and equal JP (see 
Example 2, Article 84); and hence the amount of deflection 
will vary as JP; and the total deflection at the middle will 
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evidently varj as the length ; or, in this case, as ^. Hence, 
the total deflection due to transyerse shearing is, C^-^- = 

C PZ 

J -^, which is the same form as that given by Professor Norton, 

The same form of expression is aln) reached, in a more circnitons 
way, by Weisbach, in his Mechanics of Engiaieermgy 4th edi- 
tion, voL 1, page 522 of the recent American edition. 

In Professor Norton's f ormnla J C is the reciprocal of the co- 
efficient of elasticity to transverse shearing of white pine ; hence 
the coefficient is 425,531 ponnds. The mean value of E in the 
above experiments was found to be 1,427,965 lbs. ; and hence, 
in this case, the reciprocal of ^ is a little more than 3^ of E. 
Weisbach, in the reference above given, says : ^^ The coefficient 
of elasticity for transverse shearing is generally assumed to be 
e4ual to ^E." 

If the load is uniformly distributed over the whole length, 
the shearing stress on any section, distant x from the end, is 
^wl — wx. (See Example 1, Article 84.) Hence the deflection for 
aBT element of length of a rectangular beam due to this cause, is 

(^wl — wx)dx 
^ bd ' 

and for a distance x this becomes by simple integration, 

and for half the length, make a? = JZ, and the expression be- 
comes 

from which we see that the same load, distributed uniformly 
over the whole length, produces half as much deflection due to 
trcmsverse shearing as the same load concentrated at the middle. 
Equation (76) when corrected for this efiEect becomes 



=w;r 



«^ ni_l 



+ 0; 



384EI^ 8J<iJ 
from which we see that if the depth be constant the deflection 



r 
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due to transverse shearing will be more apparent compared with 

that due to the other cause, as the piece is shorter. If the piece 

is very long, the effect due to C is comparatively small. If 

4 

^ = ^E, as assumed by Weisbach, the deflection becomes 

l£l = d the quantity in [ ] becomes |^+12 ; or the effect due 
to C is ^ of that due to E. 
If Z = 20d, the effect due to C is ^ nearly of that due to E. 



104. ADDITION AI« PROBIiEinS HTHEICH ARB PURPOSEIiT 
liBFT UNSOIiVKD. 

1. Suppose that a beam is supported at its extremities, and 
has two forces at any point between. In this case the curve 
between the support and the nearest force will have one equa- 
tion ; the curve between the forces another ; and the remaining 
part a third. 

2. In the preceding case, if the forces are equal and equidis- 
tant from the supports, the curve between the forces will be the 
arc of a circle. 

3. Suppose that the beam is uniformly loaded and rests on 
four supports. 

4. Suppose that the beam is supported at its extremities and 
has a load uniformly increasing from one support to the other. 

5. Suppose that the beam is uniformly loaded over any por- 
tion of its length. 

6. Suppose that ft has forces applied at various points. 
These problems will suggest many others. 

7. Suppose that a beam is supported at several points, and 
loaded uniformly over its whole length. 

Let W = the weight between each pair of supports, 

V„ Yj, V„ (fee, be the reactions of the supports, counting 
from one end, 
and let the distances between the supports be equal. 
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Then we have : — 
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If the beams and props were perfectly rigid, all but the end 
ones would sustain W, and the end ones each i W. 

It may be shown that, for any number of equidistant props, 
the inclination at the end may be found from the equation 

which for 10 props becomes 

.153 Wr 
*^S*"265 24EI' 

and the maximum deflection for any number of props is 



A = (24V,-7W) 
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10S« BEAMS OF TABIABI.B SECTIONS. 

For these I is variable, and its value must be substituted in 
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equation (50) before the integration can be performed. As an 

example, let the beam be 

fixed at one extremity, and 

a weight, P, be suspended at 

the free extremity. Fig. 50. 

Let the breadth be constant, 

and the longitudinal vertical 

sections be a parabola. Then 

all the transverse sections 

will be rectangles. 

Let I = the length, 

h = the breadth, and 
d = the depth at the fixed extremity. 
If y is the whole variable depth at any point, we have, from 

the equation of the parabola, 

(^j/Y = JW5, or ie? = j>?, .'. ^ = jT> ill which ^ is the parameter 
of the parabola. 



Fig. 50. 



.••»' = 



I 



(137) 



have I = -^—r-x^ 



From equation (51) we have 

I = r^2^y ^ which substitute y, from equation (127), and we 

- (128) 

The equation of moments is, see equation (50), 

EI -jK = Pa?, in which substitute I, from equation (128), and 
we have 

-X' 






dy 



Multiply by the dx and integrate, observing that ^ = Ofora? = Z 
and we have 






dx Ebd 
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Integrating again givea 

y is zero for a = 0. 
y = t. f or a = ? ; 

■■■A = -S^ m 

"ii, in equation (57), we substitute I = V^W (Eq. (51)), it be- 



which is one-half that of (129) ; hence the deflection of a prismatic 
beam is one-half that of a parabolic beam of the same length, 
breadth, and greatest depth, when fixed at one end and free at 
the other, and has the same weight suspended at the free end. 

In a similar manner the equation of the curve may be found 
for any other form of beam, if the law of increase or decrease 
of section is known. Several examples may be made of beama 
of uniform strength, which will be given in Chapter VII. 

100. BEAIOS StIBJECTBD "TO OBLia^B .STRAINS.—-^ tU 
btam be priimatie, fixed at one end, and 
rupport a weight, V, at Vt^ free end; the f 
beam being »b indined that the direeHon of 
the force thaU make an obtate angle loUA t!ie 
turn of the beam, at in Fig. 51. 
Let Pi = P Bin B = component of P per- 
pendicoliiTto Uieaziaof thebaam, 

P, = P COB = component paraEel to 
the Kxi» of the beam. /fL^ 

Take the oiigin at tlia free end, the oziB J\^ 

of le being parallel to the axis of tiie beam, e, \ 

and y perpendicnlai to it. 
Then equation (60) bi 



BIt 



ia wliichji' = p|; andj' = gj. The complete intepal of (180) is [see Appen- 
dix UL) 
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gas ^QX fjl* 



The conditioiiB of the problem give 



give:— 



^ = for x = 0; and these oombined with the preoeding equation 






= (7i + (7a ; 

From which d and Gs may be found, and the equation becomes completely 
known. 
We aLw> have y= A for a? = /; 



qi —qi mS 
.'. A = Cie + Ct6 + ^l ; 



Next, suppose that the force makes am, acute angle with the oasis of the beam^ as 
in Fig. 53. 

For the sake of variety, take the origin at A, the fixed end, Xy still coin- 
ciding with the axis of the beam before flexure. Using the same notation as 
in the preceding and other cases, we have 



g. = i)X?-«)H-g«(A-y) 



(131) 



The complete integral is 




P' 



A-y = Asinj(aj + B)-^(Z-aj) (132) 

in which A and B are arbitraxy constants. 
From the problem we have 

^ = Ofora;=0; 



Fig. 63. 



-|^=Ofora = 0; and 

y= A for a? = J ; 

by means of which the equation becomes 
completely known. 

Prom these examples we see how easily the problem is com- 
plicated. One diflBcnlty in applying these cases in practice is 
in determining the value of I. Before it can be determined, 
the position of the neutral axis must be known. According to 
Article 78, 3d case, it appears that the neutral axis does not 
coincide with the axis of the beam. Indeed, according to the 
same article, it is not parallel to the axis, and hence I is yaria- 
ble, and the equations above are only a secondary approxima- 
tion ; the first approximation being made in establishing equa- 
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tion (50), and the next one in assuming I constant. All writ- 
ers, within the author's acquaintance, who have investigated this 
and similar cases, beginning with Navier, have assumed that I is 
constant, and that the neutral axis coincides with the axis of 
the beam. These assumptions may be admissible in any prac- 
tical case were extreme accuracy is not desired. Many other 
practical examples might be given, the solutions of which are 
more difficult than the preceding; but enough have been 
given to illustrate the methods. 




107* FI^BXURB OF. COLUMNS. 

— If a weight rests upon the axis 
of a perfectly symmetrical and 
homogeneous column, we see no 
reason why it should bend it; 
but in practice we know that it 
will bend, however symmetrical 
and homogeneous it may be, and 
however carefully the weight may 
be placed upon it. If the weight 
be small, the deflection may not be 
visible to the unaided eye. If the 

weight is not so heavy as to crush pio. 54. piQ. 53. 

the column, an equilibrium will be established between the 
weight and the elastic resistances within the beam. Let the col- 
umn rest upon a horizontal plane, and the weight P on the upper 
end be vertically over the lower end. Take the origin of coor- 
dinates at the lower end of the column. Fig. 53, x being ver- 
tical, and y horizontal. They must be so taken here, because x 
was assumed to coincide with the axis of the beam when equa- 
tion (50) was established. Then y being the ordinate to any 
point of the axis of the column after flexure, the moment of 
P is Py, which is negative in- reference to the moment of re- 
sisting forces, because the curve is concave to the axis of x, in 
which case the ordinate and second differential coefficient must 
have contrary signs (Dif. CaL). Hence we have. 



Elg=-P. 



(133) 
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Multiply by dy and integrate (observing that efo is constant), 
and find 

But -^ = for y=z^== the maximum deflection. These 
ax ^ 

values in the preceding equation give C^ = HrT' vrhich being 
substituted in the same equation and reduced gives 

. JEr dy 

/EI . -' y . ^ 
But y = for » = .-. (7j = 0. Hence the preceding gives 



= Asin>Jgj 



y=Asin>Jgjaj (134) 

But y = for a? = Z. Therefore, if w is an integer, these val- 
ues reduce (134) to 

T 



nI 



EI ' 



71 W 



.-. P=:EI-p (135) 

This value of P reduces (134) to 

y = A sm n* V 

which is the equation of the curve. It is dependent only upon 
the length of the column and the maximum deflection. If 
n = 1, the curve is represented by a. Fig. 54 ; if n = 2, by 
& ; if n = 3, by 0. 

If 71 = 1, equation (135) becomes 



?r« 



P = ^EI (136) 

which is the formula to be used in practice. We see that the 
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resistance is independent of the deflection. If the colnmn is 
cylindrical, I = J «■ /•* (see equation (52) ) ; 

hence the resistance varies as the fourth power of the radius (or 
diameter), and inversely as the square of the length. If the 
colunm is square, I = -^ J* (equation (51) ), 

•••P=12-x?- (138) 

These formulas, according to Navier * and Weisbachjf should 
be used only when the length is 20 times the diameter for 
cylindrical columns, or 20 times the least thickness for rectangular 
columns ; and Navier says that for safety only -^ of the calcu- 
lated weight should be used in case of wood, and j to ^ in case of 
iron ; but Weisbach says they should have a twenty-fold security. 

Examples 1. — ^What most be the diameter of a cast-iron oolninn, whose length 
is 12 feet, to sustain a weight of 30 tons (of 2,000 lbs. each) ; E = 16,000,000 
lbs. ; and factor of safety jh. Ans. d = 7.62 in. 

2. If the colnmn be square and the data the same as in the preceding exam- 
ple, equation (138) gives 

^ (3 l^O)' X 16,000,000 

In the analysis of this problem I have followed the method of 
Navier ; but as it is well known that the results are not relied upon 
by practical men, I have given only one case. For other cases 
see Appendix III. There are some reasons for the failure of 
the theory which are quite evident, but it is not easy to remedy 
them ; and for this reason the empyrical formulas of Article 52 
are much more satisfactory. It will be observed that the law of 
strength, as given in the formulas in that article, are the same as 
those given in equations (137) and (138) for wooden columns, 
and nearly the same as for iron ones. The chief difference is in 
the coefficients, or constant factors. In the analysis it was as- 
sumed that the neutral axis coincides with the axis of the beam, 
but it is possible for the whole column to be compressed, although 
much more on the concave than on the convex side, in which 



* NaTier, B6snm^ des Logons, 1839, p. 204. 

t Weisbach^s Mechanics and Engineering. Vol. 1, p. 219. 1st Am. ed. 
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case the neutral axis would be ideal, liaving its position entirely 
outside the beam on the convex side. In this case, if the ideal 
axis is parallel to the axis of the beam, it does not affect the form 
of equation (136), but it does affect the value of I ; and hence 
the values of equations (137) and (138). The problem of the 
flexure of columns is then more interesting as an analytical one 
than profitable as a practical one. 

GBAPHICAL METHOD. 

108* THB GRAPHIC Aii MBTBEOD cousists in representing 
quantities by geometrical magnitudes, and reasoning upon them, 
with or without the aid of algebraic symbols. This method has 
some advantages over purely analytical processes; for by it 
many problems which involve the spirit of the Differential and 
Integral Calculus may be solved without a knowledge of the 
processes used in those branches of mathematics ; and in some 
of the more elementary problems, in which the spirit of the 
Calculus is not involved, the quantities may be directly presented 
to the eye, and hence the solutions may be more easily retained. 
It is distinguished, in this connection, from pure geometry by 
being applied to problems which involve mechanical principles, 
and to use it profitably in such cases requires a knowledge of 
the elementary principles of mechanics as well as of geometry. 

But graphical methods are generally special, and often re- 
quire peculiar treatment and much skill in their management. 
It is not so powerful a mode of analysis as the analytical one, 
and those who have sufficient knowledge of mathematics to use 
the latter will rarely resort to the former, unless it be to illus- 
trate a principle or demonstrate a problem for those who cannot 
use the higher mathematics. A few examples will now be given 
to illustrate the method. 



109. GBNERAIi PBOBLBRE OF THB BBFLBOTION OF 

BEAMS. — To find the total cUfiection ofaprismdtic hea/m wMeh 
is herd hf a force acting normal to the aads of the iewm 
without the aid of the Calculus. 

Let a beam, AB, Fig. 55, be bent by a force, P, in which 
case the fibres on the convex side will be elongated, and 
those on the concave side will be compressed. Let AB be the 
9 
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nentral axis. Take two sections normal to the nentral axis 

at L and N, which are vnr 
definitely nea/r each other. 
These, if prolonged, will 
meet at some point as O. 
Draw KN parallel to LO. 
Then wiU A«, = a, be the 
distance between KN and 
EN at ^, and is the elonga- 
tion of the fibre at Tc. Let 
eS. = y, then from the 
similar triangles Tc&e and 
LON we have 




Fis. K. 



ON: N^:: LN: Tce^x=: 



N^. LN LN 



ON ~ ON 

If, now, we conceive that a force ^, acting in the direction of 
the fibres, or, wliich is the same thing, acting parallel to the 
axis of the beam, is applied at £ to elongate a single fibre, we 
have, from equation (3) and the preceding one, 

he ^_E 
ON 



jp = EAaT% = 7^^y^j 



LN 

in which a^ is the transverse section of the fibre. As the sec- 
tion turns about N on the neutral axis, the moment of this 
force is 

E 



py 



ON 



^ t^a 



which is found by multiplying the force by the perpendicu- 
lar y. 

This is the moment of a force which is sufficient to elongate 
or compress any fibre whose original length was LN, an amoimt 
equal to the distance between the planes KN and EN measured 
on the fibre or fibre prolonged. Hence, the sum of all the 
moments of the resisting forces is 

E 



xpy = 



ON 



Sy* i\a 



in which s denotes summation ; and in the first member means 
that the sum of the moments of all the forces which elongate 
and compress the fibres is to be taken ; and in the second mem- 
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ber it means that the sum of all the quantities y' ^a included in 
the transverse section is to be taken. The quantity, Sy* Aa is 
called the moment of inertia^ which call I. 

But the sum of the moments of the resisting forces equals 
the sum of the moments of the applied forces. Calling the latter 
sPX, in which X is the arm of the force P, and we have 

S«v = 2PX = -^Sv" Aa~= -^ 
^^ ON ^ ON 

.•.0N = ^ '^^^^) 

In the figure draw LJ tangent to the neutral axis at L, and 
IS a tangent at N. The distance <zi, intercepted by those tan- 
gents on the vertical through A, is the deflection at A due to the 
curvature between L and N. As LN is indefinitely short, it 
may be considered a straight line, and equal x ; and U = LC 
very nearly for small defiections ; and LO = X. (L stands for 
two points.) 

By the triangles OLN and aLby considered similar, we have 

ON : X :: Lb : ab = -7^^ 

ON 

in which substitute ON from equation (139) and we have 

a*=^f?, (140) 

which is sufiiciently exact for small deflections. If, now, tan- 
gents be drawn at every point of the curve AB, they will divide 
die line AC into an infinite number of small parts, the sum 
of which will equal the line AC, the total deflection. But the 
expression for the value of each of these small spaces will be of 
the same form as that given above for ab, in which P, E, and I 
are constant. 

This is as far as we can proceed with the general solution. 
We will now consider 

PARTICULAE CASES. 

110« CAS£ 1.— liET Tm: BEAM BE FIXED AT ONE ENB, 
ANB A LOAB9 P, BE APPIilEB AT THE FBEE ENB. Thls is ft 

part of Case I., page 99, and Fig. 37 is applicable. The moment 
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of P, in reference to any point on the axis, is PX. Hence sPX 
is simply PX, which, substituted in equation (14:0), gives 

/. AC=g~jXX*aj (141) 

This equation has been deduced directly from the figure. It 
now remains to find the sum of all the values of X'aj, which 
result from giving to X all possible values from X = to 
X = I*. To do this, construct a figure some property of which 
represents the expression, but which has not necessarily any 
relation to the problem which is being solved. If X be used 
as a linear quantity, X" may be an area and X'a? will be a small 
volume. These conditions are represented by a pyramid, Fig. 
56, in which 

AB = ? = the altitude, and the base BCDE is a square, whose 
sides, BC and CD, each = I. Let icde be 
a section parallel to the base, and make 
another section infinitely near it, and call 
the distance between the two sections x. 

Then A J = X = Jc = erf, 

X' = area hcde^ and 
X'oj = the volume of the la- 
mina hcdey 
which is the expression sought. The sum 
of all the laminae of the pyramid which 
are parallel to the base is limited by the volume of the pyramid, 
and this equals the value of the expression rX'a? between the 
limits and I. The volume of the pyramid is the area of the 
base (= ?) multiplied by one-third the altitude (|i!), or ^?, 
which is the value sought. 

Hence, AC = g^j 

which is the same as equation (57). 

The value of X^a? may also be found by statical moments as 
follows: — Let ABC, Fig. 57, be a triangle, whose thick- 




This by the calculus becomes L a?dx=^\l} 
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ness is unity, and which is acted upon by gravity (or any 
other system of parallel forces which is the same ^ 

on each unit of the body). Take an infinitely 
thin strip, Jc, perpendicular to the base, and 
let AB = Z = BC, 
AJ = X = Jo, and 
p = the weight of a unit of volume. 
Then Xa? = the area of the infinitely thin strip hc^ and 

jpKx = the weight of the strip hc^ and 

j?X'aj = the moment of the strip, when A is taken as the 
origin of moments. If the weight of a unit of volume be taken 
as a unit, the moment becomes X'aj, which is the quantity sought, 
and the value of sX*a5 from to Z is the moment of the whole 
triangle ABC. Its area is ^P, and its centre of gravity \l to the 
right of A. Hence the moment is \V as before found.* 

Ill* CASE II. — liET THK BKAHI BE FIXED AT ONE END, 
AND UNIFOBJniiY liOADED OVER ITS l¥MOIiE I^ENOTH. — 

This is the same as a part of Case II., page 101, and Fig. 39 is 
applicable. 

Let X be measured from the free end, and 
w = the load on a unit of length ; then 
w?X = the load on a length X, and 

•|^X = the distance of the centre of gravity of the load from 
the section which is considered. 
Hence the moment is ^^^X^, which equals xPX, and equation 
(140) becomes 

w 
ah = 5^rj X*i», and 

w *~^ 
AC = ^^ X^x = the total deflection. 

To find the value of sX'a?, observe, in Fig 56, that X'a? is 
the volume of the lamina bode, and this multiplied by the alti- 
tude oi A— bcdey which is X, gives X*aj, the expression sought. 
Hence the sum sought is the volume of the pyramid A— BCDE, 



* This may be written 2 X^ = \P, 

x = o 
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multiplied by the distance of the centre of gravity of the pyra- 
mid from the apex ; or, 

•■•^^-8EJ = 8ETI - - - - (1^2) 
where W is the total load on the beam. 

113. CASK III. — I.BT THB BEAM BE 817PPORTED AT ITS 
ENDS ANB liOABEB AT TME MIBBIiE BT A UTEIGHT P, aS in 

Fig. 40. The reaction of each support is JP, and the moment 
is i^PX, and equation (140) becomes 

P 

But in this case the greatest deflection is at the middle, and 
the limits of sX'aj are and \l. Hence, in Fig. 56, let the 
altitude of the pyramid be \l^ and each side of the base also \l^ 
and the volume will be 

•*• ^^ "■ 48E.I' 
which is the same as equation (Y3). 

113* CASE IV.— liET THE BEAM BE SUPPORTEB AT ITS 
ENBS AND UNIFORMI4Y LOADED, AS IN FIG. 42. 

w being the load on a unit of length, the reaction of each 
support is \wl^ and its moment at any point of the beam is 
\ml^. On the length X there is a load toX, the centre of 
which is at J-X from the point considered ; hence its moment is 
^^^?X*, and the total moment is the difference of these moments ; 

.-. sPX = \wTK. - i?/7X^ 

and equation (140) bec(»mes 

w 
^ "^ 2E.I ^^'^ "■ -^*^^' 

and the total deflection at the middle is, 

AC = ^J ISX'x - SX'x). 



FLEZUB8- 13S 

The valnes of the terms within the parentheses have already 
been found, and by subtracting them we have 

^^ = 384 EJ- 

114. BBMAIIK ABOUT OTHER €A8BS« — This method, 

which appears so simple in these cases, unfortunately becomes 
very complex in many other cases, and in some it is quite pow- 
erless. To solve the 9th and 10th cases, pages 115 and 116, ne- 
cessitates an expression for the inclination of the curve, so that 
the condition of its being horizontal over the support may be 
imposed upon the analysis. But the 9th case may be easily 
solved if we find by any process that the weight which must 
be suspended at the outer end of the beam to make it horizontal 
over the support is ^Tl divided by AC,* Fig. 47. For, the 
reaction of the support is JP-|-P ; 

.-. xPX = PXAC+X) - (iP-t-PJX 
= P, AC - IPX 
= iPZ-jPX 

PZXa;-4PX'a? : 

.-. ^ - i E.I ' 

P 

and the deflection at the centre = ^ ^j (ItXx — irX'a?) taken 

between the limits and il. 

The part sXzj is the area of a triangle whose base and alti- 
tude are each |Z, .'. sXa? = ^, and xX'aj between the limits 

P ? 

and ^, is -^ .-. ACf = 192 ej- 

All these expressions contain I, the value of which remains to 
he found by the graphical method. 

♦ This ** AC " refers to Fig. 47. 
t This " AC " refers to Fig. 65. ,, 
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1 ItS. nonnBHT OF ihbbtia of a hb€tahoi<b. — Reqvired 
the rnoment of inertia of a rectcmgle about one end as a/n aoAs, 

Let ABCD, Fig. 58, be a rectangle. Make BG perpendicu- 
lar to and equal AB, and complete the 
wedge G - ABCD. 

Let Aa = the area of a very small sur- 
face at E, and 
y = AE = EF, then 

y£^a = the volume of a very small 
prism EF, and this multi- 
plied by y gives 

y* Aa = the moment of inertia of 
the elementary area at E, 
which is also the statical 

moment of the prism EF, and 

2y*A« = I = the moment of inertia of the rectangle 
ABCD. 
Hence the moment of inertia of the rectangle is represented 
by the statical moment of the wedge G — ABCD. If 

AB = tf=BG, and 
AD = «, 
then the volume of the wedge is 

Jtf X i^ = ^fid^ 

and the moment = ^d^ x |^ = ^d^ (143) 

If the axis of moments passes through the centre of the rec- 
tangle, and parallel to one end, we have BE = GB = ^ in 
Fig. 59. Hence the moment of inertia of the rectangle = 

2 x6 xi^x ie?x|ofi<? = 3V^ 
which is the same as equation (50). 

116« THS mOMENT OF INKRTIA OF A TRIANGIiS about 

an axis parallel to the base and passing through the vertex is, 
in a similar way, the statical moment of the pyramid ABCDE* 
Fig. 60. 

Let h = CB = base of the triangle, and 

d = AB = BD = CE = altitude of the triangle and 
pyramid and sides of the base of the pyramid. 
The volume of the pyramid = J hd^. 

The centre of gravity is id from the apex, consequently the 
statical moment is J &f x i<^ = \hd^. 
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But in a triangular beam the neutral axis passes through the 
centre of gravity of the triangle, and it is desirable to find the 
moment of inertia about an axis which passes through the centre 
and parallel to the base. 

This may be done as in the preceding Article ; but it may be 




no. 69. 




Fio. 60. 



more easily done by using \hQ formula of redioction^ which is 
as follows: — The moment of inertia of a figure ahout an axis 
passing through its centre equals the moment of inertia about an 
aayis parallel to it, mvnvs the area of the figure multiplied hy 
the square of the distance hetween the axes. (See Appendix III.) 
This gives for the moment of inertia of a triangle about an 
axis passing through its centre and parallel to the base 
iJ^-iJ^x (|^' = ^J^ ...'-- (143) 

117« TBLB MOniBNT OF INERTIA OF A CIRCIiB may bc 

represented in the same way, but it is not easy to find the vol- 
ume of the wedge, or the position of its centre of gravity, 
except by analysis which is more tedious than that required to 
find the moment directly, as was done in equation (51). But it 
may be found practically, by those who can only perform 
multiplication, as follows : — Make a wedge-shaped piece out of 
wood, or plaster of Paris, or other convenient material, the base 
of which is the semicircle required, and the altitude is the 
radius of the circle ; then find its volume by im- 
mersing it in a liquid and measuring the amount of 
water displaced. Then determine the distance of 
the centre of gravity of the wedge from the centre 
of the circle by balancing it on a knife edge, holding 
the edge of the knife under the base of the wedge, 
and parallel to the edge, aJ, of the wedge, keeping the side 
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vertical, and measuring the distance between the edge cib and 
the line of support. Then the statical moment is the product 
of the volume multiplied by the horizontal distance of the 
centre from the edge. Its value for the whole circle, or for 
both wedges, is i«rr*. 

There are, however, many methods of calculating the moment 
ot inertia of a circle without using the Calculus. The following 
method, which the author has devised, appears as simple as 
any of the known methods :— 

The moment of inertia of a circle is the 
same about all its diameters. Hence the 
moment about X in the figure, plu% the 
moment about Y, equals twice the moment 
about X. The distance to any point A is 
^, and equals ^/oi? + y^ ; or ^' = aj* + y' ; 
and if Aa be an elementary area, as be- 
fore, we have ^ ^ 

' Fig. 00 6. 

the latter of which is called the polar moment of inertia, in 
reference to an axis perpendicular to the plane of the circle, and 
passing through its centre C. To find the value of SZa p', 
take a triangle whose base and altitude are each equal to r, the 
radius of the circle, and revolve it about the axis through C, 
and construct an infinitely small prism on the element Aa as a 
base. 

We have f = CA = AB, Fig. 60 c. 

Aap = volume of the small prism AB, 
Aa f CA = Aap^= the moment of A£y 
the form of the quantity sought. 

Hence S Aa f* is the product of the volume of the 
solid generated by the triangle, multiplied by the 
abscissa of its centre of gravity from C. The solid is what re- 
mains of a cylinder after a cone has been taken out of it, the 
base of the cone being the upper base of the cylinder, and 
the apex of which is at the centre of the base of the cylinder. 
Hence the volume of the solid is the volume of the cylinder, 
less the volume of the cone ; or ^r'x r — jrr' x ^r = fwr*. 
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If now the solid be divided into an infinite number of pieces, 
by planes which pass through its axis, each small solid will be a 
pyramid, having its vertex at C, and the abscissa to the centre 
of gravity of each is f /• from C. Hence we finally have 

S Aa p* = ^ wr* X irz=l xr*, which 

equals 2 S Aa x^. 

.'. S Aax' = i^r\ (144) 

118. nOMKNT OF INBRTIA OF OTHER SURFACES. The 

general method indicated in the preceding articles is applicable 
to surfaces of any character, and with careful manipulation ap- 
proximations may be made which will be very nearly correct, 
and, as we have seen above, in some cases exact formulas may 
be found. 
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CHAPTER VI. 



TRANSVEBSB STRENGTH. 



119. STRBNOTH OF BBCTANGITI*A» BBAJHS. The the- 
ories which have been advanced from time to time to explain 
the mechanical action of the fibres, have been already given 
in Chapter IV. Both the common theory, and Barlow's theory 
of " the resistance to flexure " will be considered in this chap- 
ter. 

First, consider the common theory, according to which the 
neutral axis passes through the centre of gravity of the trans- 
verse sections, and the strain upon the fibres is directly propor- 
tional to their distance from the neutral axis. 

Continuing the use of the geometrical method, let Fig. 61 
represent a rectangular beam 
which is strained by a force P 
applied at any point. Let de be 
on the neutral axis, and ah repre- 
sent the strain upon the lowest 
fibre. Pass a plane, der-d)^ and 
the wedge so cut off represents 
the strains on the lower side, and 
the similar wedge on the other 
side represents, the strains on the 
upper side. 

Let R = the strain upon a fw. ei. 

unit of fibres most remote from the neutral axis on the side 
which first ruptures, on the hypothesis that all the fibres of the 
unit are equally strained, and h = the breadth and d = the 
depth of the beam. 

Let (3^ = E ; then, the total resistance to compression = 4115 
X it? = iE5d?, = the volume of the lower wedge ; and the raO' 
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ment of resistance is this value multiplied by the distance of 
the centre of gravity of the wedge from de, which is f of ^ = 
^; consequently the rnoment is 

and as the moment of resistance to tension is the same, the total 
moment of resistance is 

|K5ef, (145) 

which equals the moment of the applied or bending forces. 

If the beam be fixed at one end and loaded by a weight, P, at 
the free end, we have for the dangerous section^ or that most 
liable to break, 

Yl = ^md". 

In rectangular beams the dangerous section will be where the 
sum of the moments of stresses is greatest, the maximum values 
of which for a few cases are given in a table on page 118. Using 
those values, and placing them equal to ^EJd^, and we have for 
solid rectangular beams at the dangerous section, the following 
formulas : — 

Fob a beam fixed at one end and a load, P, at the feee 

end; PZ = ^RJ<f ; - . . (146) 

And foe an untfoem load ; iWl = ^R5^ - - (147) 

Fob a beam suppoeted at its ends and a load, P, at the 

MTODLE ; iPZ = ^EJ(f ; (148) 

And fob an unifoem load ; ^WL = ^Rie? ; - (149) 

And foe a load at the middle, and also an tjnifobm load ; 
i{2P + W)l = iBid" (150) 

Foe a beam fixed at both ends and a load, P, at the 

mDBi^ ; iVl = ^md" ; (151) 

And fob an tjnifobm load, end section ; ^Wl = ^W>d^ ; (152) 
Middle section ; ^Wl = ^ESe? (1^^) 

These expressions show that in solid rectangular beams the 
strength varies as the breadth and square of the depth, and 
hence breadth should be sacrificed for depth. In all the cases, 
except for a beam fixed at the ends, it appears that a beam will 
support twice as much if the load be uniformly distributed over 
the whole length as if it be concentrated at the middle of the 
length. The case in which a beam is fixed at both ends and 
loaded at the middle has given rise to considerable discussion. 
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for it is found by experiment that a beam whose ends are fixed 
in walls or masonry will not sustain as much as is indicated by 
the formula, and also that it requires considerably more load 
to break it at the ends than at the middle, but the analysis 
shows that it is equally liable to break at the ends or at the 
middle. But it should be observed that there is considerable 
diflPerence between the condition of mathematical fixedness, in 
which case the beam is horizontal over the supports, and that of 
imbedding a beam in a wall. For in the latter case the deflec- 
tion will extend some distance into the wall. 

Mr. Barlow concludes from his experiments that equation 
(151) should be 

iPZ = |KJ^ (154) 

and this relation is doubtless more nearly realized in practice 
than the ideal one given above. In either case, it appears that 
writers and experimenters have entirely overlooked the effect 
due to the change of position of the neutral axis, which must 
take place. It has been assumed that the neutral axis coincides 
with the axis of the beam, and that its length remains unchanged 
during flexure ; but if the ends of the beam are fixed, the axis 
must be elongated by fiexure, or else approach much nearer the 
concave than the convex side, or both take place at the same 
time, in which case the rrioment of resistance will not be ^KbcP, 
The phenomena are of too complex a character to admit of a 
thorough and exact analysis, and it is probably safer to accept 
the results of Mr. Barlow in practice than depend upon theoreti- 
cal results. 

130« MODUiiUS OF RUPTiTRE. — When a beam is support- 
ed at its ends, and loaded uniformly over its whole length, and 
also loaded at the middle, we find from equation (150) 

B = i(?|+S, (155, 

in which W may be the weight of the beam. Beams of known 
dimensions, thus supported, have been broken by weights placed 
at the middle of the length, and the corresponding value of K 
has been found for various materials, the results of which have 
been entered in the table in Appendix IV. This is called the 
Modulus of Euptuee, and is defined to be the strain ujpon a 
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9qua/re i/nck of fibres moat remote from the neutral aods on the 
side which first ruptv/res. It would seem from this definition 
that R should equal either the tenacity or crushing resistance of 
the material, depending upon whether it broke by crushing or 
tearing, but an examination of the table shows the paradoxical 
result that it never equals either, but is always greater than the 
smaller and less than the greater. For instance, in the case of 
cast iron: — 

The mean value of T = 16,000 lbs. 
" " C= 96,000 " 

" " R = 36,000 " nearly, 

hence R is about 2J times T, and a little over ^ of C. 

For English oak — 

T = 17,000 lbs. ; 

C = 9,500 lbs. ; and 

R = 10,000 lbs. ; 

hence R exceeds C, and is more than half of T. 
For ash — 

T = 17,000 lbs. ; 
C = 9,000 lbs. ; and 
R = 12,000 lbs. ; hence 
R = li C and about | T. 

These discrepancies have long been recognized, and the cause 
has generally been attributed to a departure from the law of 
perfect elasticity and a movement of the neutral axis away from 
the centre of the beam in the state bordering on rupture ; but as 
the laws of these variations were not assigned, their influence 
could not be analyzed. (See Articles 74 and 75.) 

The tabulated values of R being found from experiments up- 
on solid rectangular beams, they are especially applicable to all 
beams of that form, and they answer for all others that do not 
depart largely from that form ; but if they depart largely from 
that form, as in the case of the i (double T) section, or hollow 
beams, or other irregular forms, the formulas will give results 
somewhat in excess of the true strength ; and in such cases Bar- 
low's theory gives results more nearly correct. 

But if, instead of R, we use T or C, whichever is smaller, in the 
formulas which we have deduced, and suppose that the neutral 
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axis remains at the centre of the beam, we shaU always he on 
the safe side / but there would often be an excess of strength, as, 
for instance, in the case of cast iron the actual strength of the 
beam would be about twice as strong as that f oimd by such a 
computation. 

The difficulty is avoided, practically, by using such a small 
fractional part of K as that it will be considered perfectly safe. 
This fraction is called the coefficient of safety. The values com- 
monly used for beams are the same as for bars, and are given 
in Article 38. 

Experiments should be made upon the material to be used in 
a structure, in order to determine its strength; but in the absence 
of such experiments the following mean values of R are 
used: — 

850 to 1,200 lbs. for wood, 
10,000 to 15,000 lbs. for wrought iron, and 
6,000 to 8,000 lbs. for cast iron. 

f31, PRACTICAIi FORMUIiAS. 

If R = 1,000 for wood, and 

12,000 for wrought iron, 

we have for a rectangular hea/m^ supported at its ends and 
loaded a^ the middle of its lengthy 

P = — J — for wooden beams ; and 

8000 J^ 
P = J for wrought-iron beams. 

The length of the beam, and the load it is to sustain, are gen- 
erally known quantities, and the breadth and depth are required; 
but it is also necessary to assume one of the latter, or assign a 
relation between them. For instance, if the depth be n times 
the breadth, the preceding formulas give 

h=\/ ^^ ; B;iidd = \/—~ for wood; (156) 
^^^^^Vgl"^; «^ddJ= ^-^ for wrought iron; (167) 
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123. THB BKLATITB STRKNGTS OF A BBAHI Under 

the various conditions that it is held is as the moment of the 
applied forces ; hence, all the cases which have been con- 
sidered may, relatvody^ be reduced to one^ by finding how much 
a beam wiU carry which is fixed at one end and loaded at the 
free end, equation (146), and multiplying the results by the fol- 
lowing factors : — 

FAXTTOBS. 

Beam fixed at one end and loaded at the other - - - 1 
" " " " uniformly loaded - - . - 2 

Beam supported at its ends and loaded at the middle - 4 
" " " " uniformly loaded - - - 3 

Beam fixed at one end and supported at the other, 
and unif onnly loaded 8 

Beam fixed at both ends and loaded at the middle - - 8 
" « " " uniformly loaded - - - 13 

If it is required to know the breadth of a beam which will 
sustain a given load, find J, from equation (146) ; andfor a beam 
in any other condition, divide by the factors given above for 
the corresponding case. 

If the depth is required, find d from equation (146), and di- 
vide the result for the particular case desired by the square 
root of the above factors. 

138* kxahepk^bs.- 

1. A beam, whose depth is 8 inohes, and len^h 8 feet, is sapported at its 
ends, and required to sustain 500 pounds per foot of its length; required 
its breadth so that it will have a factor of safetj of iV) H being 14,000 
poundB. 

From equation (146) we have, 

^ 6P; 6x500x8x8x12 ^^- . ^ 
* = SJ^= — iiOOVS^ =35^ inches; 

and by examining the aboye table of factoni we see that this must be divided 
by 8 * • '. Ans. = %f^ inches. 

2. If ? = 10 feet, P at the middle = 2,000 lbs., ft = 4 inches, B = 1,000 lbs., 
required (?. 

8. If a beam, whose length is 8 feet, breadth is 8 inches, and depth 6 inches, 
10 
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is sapported at its ends, and is broken by a weight of 10,000 pounds placed at 
the middle, and the weight of a cubic foot of the beam is 50 pounds; required 
the value of B. Use equation (150). 

4. If B = 80,000 lbs., I = 12 feet, 6 = 2 inches, d-6 inches, how much 
will the beam sustain if supported at its ends and loaded uniformly oyer its 
whole length, coefficient of safety i ? Ans W = 9,259 lbs. 

5. A wooden beam, whose length is 12 feet, is supported at its ends ; re- 
quired its breadth and depth so that it shall sustain one ton, uniformly distri- 
buted over its whole length. Let B = 15,000 lbs., coefficient of safety -^, and 
depth = 4 times the breadth. Ans. d = 2.08 inches. 

<; = 8.32 inches. 

6. A beam is 2 inches wide and 8 inches deep, how much more will it sustain 
with its broad side vertical, than with it horizontal f 

7. A wrought-iron beam 12 feet long, 2 inches wide, 4 inches deep, is 
supported at its ends. The material weighs i lb. per cubic inch ; how much 
load will it sustain uniformly distributed over its whole length, B = 54,000 
lbs. ? Ans. Without the weight of the beam, 15,712 lbs. 

8. A beam is fixed at one end ; ^ = 20 feet, 5 = 1| inch, B = 40,000 
lbs. ; weight of a cubic inch of the beam i lb. Bequired the depth that it may 
sustain its own weight and 500 lbs. at the free end. Ans. 4.05 inches. 

9. The breadth of a beam is 3 inches, depth 8 inches, weight of a cubic foot 
of the beam 50 pounds, B = 12,000; reqtdred the length so that the beam 
shall break from its own weight when supported at its ends. 

Ans. ? = 175. 27 feet. 

134. BEI^ATION BKTHriSCEN STRAIN AND DEFIiECTION. 

— ^When the strain is within the elastic limit we may easily find 
the greatest strain on the fibres corresponding to a given deflec- 
tion. For instance, take a rectangular beam, supported at its 
ends and loaded at the middle of its length, and we have from 
equation (148) 

\ 

m 

and from equations (73) and (51) 

A = i ^i^ i which becomes, by substituting P from the preced- 



ing, 



,1^ 
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•.E = -^- A 



(158) 



Examples. — 1. It l=z6 feet, ft = 1^ inoli, rf = 4 inches, coefficient of elas- 
Idcity = 1^,000,000 lbs. is supported at its ends and loaded at the middle so as 
to produce a deflection at the middle of A = f inch ; required the greatest 
strain on the fibres. Also required the load. 

2. On the same beam, if the greatest strain is R = 12,000 lbs. , required the 
greatest deflection. 

8. If the beam is uniformly loaded, required the relation between the 
greatest strain and the greatest deflection. 

Ed 

4 GreneraUj, prove that R = constant x -=- A. 

1 33. HoiiiiOur RscT ANGULAR BKAiHs. — If a rectangular 
beam has a rectangular hollow,' both symmetrically placed in 
reference to the neutral axis, as in Fig. 62, we may 6 

find its strength by deducting from the strength 
of a solid rectangular beam the strength of a solid 
beam of the same size as the hollow. But in this 
case, when the beam ruptures at 5, the strain at J' 
will be less than K. As the strains increase di- 
rectly as the distance of the fibres from the neutral axis, we have, 
if d and d^ are the depths of the outside and hollow parts re- 
spectively, 
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^ : ^' : : E : strain at J' = E 



d' 



If J' = the breadth of the hoUo^, the stress on that part, if it 
were solid, would be, according to equation (14:5), 

which, taken from equation (145), gives for the resistance of a 
hollow rectangular beam, 

iB*^^...' (159, 



If the hollow be on the outside, as in Fig. 63, 
forming an H section, the result is the same. 



b 
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136* IF THE irPPER AND liOWEB FI^ANGES ABE UN- 

EavAii it forms a double T, as in Fig. 64. Let the notation 
be as in the figure, and also di equal the distance from the 
neutral axis to the upper element, and x the distance from the 
neutral axis to the lower element. 




Fig. 64. 



To find the position of the neutral axis, make the statical 
moments of the surface above it equal to those below it. This 
gives 

d^ V (d, - i ^') + i r' {d, - dy = d'' I" (a? - i d") + i V' 
(a? - d'y (160) 

Wealsohaverf, = <?-» = <?' + ^'' + ^'''- « - (161) 

These equations will give x and d^. 

Constructing the wedges as before, and the resistance to com- 
pression is represented by the wedge whose base is V d^ and 
altitude E, mmus the wedge whose base is (ft' -- V^) (d^ — d') 

d ^ d^ 
and altitude -^—^ — E. Hence the resistance to compression is 

\-Bh'd, - i.^^' E (J' - V") id, - d') 
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The centre of gravity is at f the altitude, or \d^ for the for- 
mer wedge, and \{d^ — d^ for the latter, and if the volumes 
be multiplied by these quantities respectively, it will give for 
the moment of resistance to compression 

im^d: - 1 J (i' - y') (d, - dy 

Next consider the resistance to tension. Since the strains 
on the elements are proportional to their distances from the neu* 
tral axis, therefore 

R 

d^: X ii'R: strain at the lower side of the section = -^ », 

and similarly, 

d^ : {x — d") :: R : strain at the opposite side of the lower 

flange = 'j-{x —d'y 

Hence the tensive strains will be represented by a wedge whose 

R 
base is J"aj and altitude ^uj, min/us a wedge whose base is J"— 

R 
J'" and altitude --j (x — ^"). Hence the moment of resistance is 

The total moment of resistance is the sum of the two moments, or 

i J [&' d; - {V - V'^ {d, ^ dy + ft" aj^ - (V' - J"0 
{x-d'y'j (162) 

For a single T make J" and ^' = in the above expression. 

The method which has here been applied to rectangular 
beams may be applied to beams of any form ; but it often re- 
quires a knowledge of higher mathematics to find the volume of 
the wedge, and the position of its centre of gravity ; or resort 
must be had to ingenious methods in connection with actual 
wedges of similar dimensions. 
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197* TBVB TAI^CB OF d^ AND AN EXAMPIiB. — In thls 

and similar expressions 

d^ = the distance from the neutral aads to the fhre moat re- 
mote from it ON the side which first euptukes. 

d^ is usually taken as the distance to the most remote fibre, 
without considering whether rupture will take place on that 
side or not ; but this oversight may lead to large errors. 

For example, let the dimensions of a cast- » 

iron double T beam be as in Fig. 65, and 228 i'/,z^ 
inches between the supports. Required the 
load at the middle necessary to break it. 

The position of the neutral axis is found 
from equations (160) and (161) to be 7.96 
inches from the lower side, and 11.54 inches - 
from the upper. As cast iron will resist from ^*'*- — ^ — >^ 
four to six times as much to compression as to pia. 65. 

tension — this beam will rupture on the lower 
side first ; hence d^ in the equation = 7.96 inches. As the 
value of R is not known, take a mean value = 36,000 lbs. The 
moment of the rupturing force — ^neglecting the weight of the 
beam — is \ 1% which placed equal to expression (162) and re- 
duced gives 



5^ 



P = 



36,000 



228 



X ' g X 1,672 = 132,0C0 lbs. =58.9 tons gross. 



Had we used d^ = 11.54, it would have given P = 40.4 tons. 
Such beams actually broke with from 50 to 54 tons ; or, in- 
cluding the weight of the beam, with a mean value of 52^ tons. 

By reversing the problem, and using 52^ tons for P, we find 
that K is a little more than 32,000 pounds. Had this value of E 
been used in the first solution, and d^^ made equal 11.54, it would 
have given for P a little more than 36 tons, which would be the 
strength if the beam were inverted. If the upper flange were 
smaller or the lower larger, the discrepancy would have been 
greater. 

The strain upon a fibre in the upper surface is to the strain upon 
one in the lower surface as <^j to a? ; hence, if the material resists 
more to compression than to tension (as cast iron), it should 
be so placed that the small flange shall resist the former, and 
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the large one the latter. If a cast-iron beam be supported at 
its ends, the smaller flange should be uppermost, and as it re- 
sists from four to six times as much compression as tension, the 
neutral axis should be from four to six times as far from 
the upper surface as from the lower, for economy. Using the 
same notation as in Fig. 64 and we have, 

d^ greatest compressive strain 

X greatest tensive strain ' 

and for economy we should have, 

d^ ultimate compressive strength 
X "" ultimate tensile strength 

The ultiniate resistance of wrought iron is greater for ten- 
sion than for compression ; hence, if a wrought-iron beam is 
supported at its ends, the heavier flange should be uppermost. 

The proper thickness of the vertical web can be determined 
only by experiment, and this has been done, in a measure, by 
Baron von Weber, in his experiments on permanent way. 

138. BXPERimiBNTs OF BARON VON WEBBR for deter- 
mining the thickness required for the central web of rails. 

Baron von Weber desired to ascertain what was the mvmr 
mum thickness which could be given to the web of a rail, in 
order that the latter might still possess a greater power of re- 
sistance to lateral forces than the fastenings by which it was 




Fig. (Ka. 



secured to the sleepers. For this purpose a piece of rail 6 feet 
in length, rolled, of the best iron at the Laurahutte, in Silesia, 
was supported at distances of 35.43 in., and loaded nearly to the 
limit of elasticity (which had been determined previously by ex- 
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periments on other pieces of the eame rail), and the deflections 
were then meaBitred with great ciu-e by an infitniment ciq>able 
of registering 1-1000 ip. with accuracy. This having been done, 
die web of the piece of rail was planed down, and each time 
that the thickness had been reduced 3 millimetres the vertical 
deflection of the rail under the above load was again tested, and 
the rail was subjected to the following rough but practical ex- 
periments. The piece of rail was fastened to twice as many fir 
sleepers by double the number of spikes which would be em- 
ployed in practice, and a lateral pressure was then applied to the 
head of the rail by means of a lifting-jack, until the rail began 
to cant and the spikes were drawn. The same thing was then 
done by a sudden pull, the apparatns iised being a long lever fas- 
tened to the top of the rail, as shown in Fig. 66a, The lifting- 
jack and the lever were applied to the ends of the rail, and the 



web of the latter had, in each case, to resist the whole strain re- 
quired for drawing out the spikes. The results of the experi- 
ments made to ascertain the resistance of the rail to vertical 
flexure with different thickneeses of web, and imder a load of 
5,000 lbs., were as follows : — 



TauTBTMBfiB gooaxeeTB. 1&3 



b. TsrtlcildtfartkB. 

18 maiimetrea = 0.59 0.016 

IS " 0.47 0.016 

9 " 0.85 0.019 

6 " 0.24 0.0194 

8 « 0.12 0.022 

These resnlta showed ample Btiffneae, even when the web was 
reduced in thickneflS to 0.13 in. To determine the power of 
reeistanee of the rtal to lateral flexnre, an impression of the sec- 
tion was taken in lead each time that the epikee were drawn. 

The forces aj>pHed in these eai^enmenig were very far greaier 
than those ocewrring in praetice, yet it waa found that with the 
web 12, 9, and even 6 millimetres thick, no distortion took place, 
and only when the thickness of the web was reduced to 3 milli- 
metres (0.12 in.) was a Blight permanent lateral deflection of the 
head caused just as the spikee gave way. The section shown in 
Fig. 65b had then been reduced to that shown in Fig. 65c. 



iNext, a rail, with the web reduced to 3 mill. (0.12 in.) in 
thickness, was placed in the line leading to a turn-table on the 
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Western RaUway of Saxony, where it has remained nntil the 
present time, 1870, receiving the shocks due to engines passing 
to and from the turn-table more than one hundred times daily. 
It follows from these experiments that the least thickness ever 
given to the webs of rails in practice is more than sufficient, and 
that if it were possible to roll webs i in. thick, such webs would 
be amply strong, if it were not that there would be a chance of 
their being torn at the points where they are traversed by the 
fish-plate bolts. Baron von Weber concludes that webs f in. or 
J in. thick are amply strong enough for rails of any ordinary 
height, and that, in fact, the webs should be made as thin as the 
process of rolling and as the provision of sufficient bearing for 
the fish-plate bolts will permit. 

] 39. ANOTHBB GBAPHioAii MBTHOD.-— If manipulating 
processes are to be used for determining the strength, the fol- 
lowing method possesses many advantages over the former. 

Since the strains vary directly as their dis- 
tance from the neutral axis, the triangle 
ABC (Fig. 66), in the rectangle BCDE, 
represents the compressive strains if each 
element of the shaded part has a strain 
equal to K; and its moment is E times 
the area multiplied by the distance of the 
centre of gravity of the triangle from the 

Fio. 66. -1 • 

neutral axis ; or, 

Kx(Jxi of i^)x| of i^ = ^VK*^, 

and the moment of tensile resistance is the same, hence the 
total moment is double this, or ^EJt?, as found by the preced- 
ing process. 

130. IF A Sai^ARB BBAM BAFB ONB OF ITS DIAGONAI^S 

VBRTicAii (Fig. 67), the neutral axis will coincide with the 
other diagonal. Take any element, as oJ, and project it on a line 
cd^ which passes through A and is parallel to BC, and draw the 
lines Og and 0<^, and note the points f and g where they intersect 
the line ah. If the element were at od^ the strain upon it would 
be R, multiplied by the area of cd^ or simply ^.cd ; but because 



B 




r 




-\ 






\ ^ 






\ / 






\ / 






^ 






%. 






/ \ 






/ \ 






/ \ 






/ N. 




£ 


^ \ 


j» 



TBANSVSB8E STBENGTH. 



155 



the strains are directly proportional to the distances of the ele- 
ments from the neutral axis, the strain on ah is K/^- Proceed 
in this way with all the elements and construct the shaded 
figure. The strains on the upper part of the figure ABC, which 

4- 




Fio. OT.j 

begin with zero at BC, and increase gradually to E, at A, will be 
equivalent to the strains on the shaded figure AO, if the strain 
is equal to It on each unit of its surface. Hence the total strain 
on each half is the area of the shaded part AO, multiplied by 
K, and the moment of the strain of each part is this product 
multiplied by the distance of the centre of the shaded part from 
the axis BC. 

By similar triangles we have 

Ka \ab\\ AB : BC, and 
odr= oib \fg : : AO : a? : : AB : Ba or AB — Aa ; 
X being the distance of ^ from O. 

From these eliminate od, and find 

BC 

«/= K^* -f9) = 4(Xb7 ^^^^'' 

hence the curve which bounds the shaded figure is a parabola 
which is tangent to AB, and whose axis is parallel to BC. 
Let d = one side of the square, then 
j^U = BC, 
\ j^M = AO, and 

^ j^2d = the widest part of the shaded figure. 
The area of a parabola is two-thirds the area of a circumscribed 
rectangle. 
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Hence ihe area of AO is 

and the moment is 

and the moment of both sides, multiplied by R, is 

«6^ («") 

If J = rf in equation (145) and the result compared with the 
above, we find : — 

The strength of a square beam with its Bide vertical : strength 
of the same beam widi one of its diagonals vertical : : \/2 : 1 
or as 7 : S nearly. 

So that increased depth merely is not a sufficient guarantee 
of increased strength. The reason why the strength is dimin- 
ished when the diagonal is vertical, is because there is a very 
small area at the vertex where the strain is greatest, but when 
a side is horizontal the whole width resists the maximum strain. 

I SI. iKBEfiiTi.AR lEOTioNS. — This method is applicable 
to irregular sections, as shown by the following example. 



Let Fig. 68 be a cross section of a beam. In a practical 
case it may be well to make an exact pattern of the croas 
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BQctiiosij of stiff paper or of a thin board of tmiform thick- 
ness. To find Hie position of the neutral axis, draw a line 
on the pattern which shall be perpendicular to the direc- 
tion of the forces which act upon the beam, that is, if the 
forces are vertical the line will be horizontal. In a form 
like Fig. 68 this line will naturally be parallel to the base of 
the figure. Then balance the pattern on a knife-edge, keeping 
the base of the figure (or the Une previously drawn) parallel to 
the knife-edge, and when it is balanced the line of support will 
be the neutral axis. Proceed to construct the shaded part as 
shown in the figure, by projecting any element, as ab on the line 
od, and drawing cO and dO^ and noting the intersections y and g, 
the same as in Fig. 67. The elements on the lower side must 
be projected on a line mriy which is at the same distance frpm 
the neutral axis as the most remote element on the upper side. 
The area of the shaded part above the neutral axis should equal 
that below, because the resistance to extension equals that for 
compression. The area of the shaded part may be found ap- 
proximately by dividing it into small rectangles of known size, 
and adding together the full rectangles and estimating the sum 
of the fractional parts. Or, the shaded part may be cut out and 
carefully weighed or balanced by a rectangle of the same mate- 
rial, after which the sides of the rectangle may be carefully 
measured and contents computed. The area of the rectangle 
would evidently equal the area of the irregular figure. 

The ordinate to the centre of gravity of each part may be 
determined by cutting out the shaded parts and balancing each 
of them separately on a knife-edge, as before explained, keeping 
the knife-edge parallel to the neutral axis. The distance be- 
tween the line of support and the neutral axis will be the ordi- 
nate to the centre of gravity. The moment of resistance is then 
found hy m/uUvplying the a/rea of each shaded pa/rt hy the dis- 
tance of its centre of gravity from, the neutral axis^ a/nd mttUi' 
j>lyinff the sum of the products hy R. 

These mechanical methods may be managed by persons who 
have only a very limited knowledge of mathematics, and if 
skilfully and carefully done will give satisfactory results. It 
does not, however, furnish such an uniform^ direct and exeuit 
mode of solution » the analytical method which is hereafter 
explained. 



168 



THE BBSISTANCB OF HATBBIALS. 



1 S9. FORmrii jl of strength aooordino to babijO ws 

THBOBT.-Either of the above methods may be used. One 
part of the expression for the strength is of the same form as 
that found by the common theory ; but instead of K we must use 
T, or C — the former if it ruptures by tension, the latter if by 
crushing. The other resistance, ^, for solid beams is evenly dis- 
tributed over the surface. For example, take a rectangular 
beam, Fig. 61, and the resistance to longitudinal shearing oniiie 
upper side is ^ J x id =^i <l>bdj and its moment isi <f>bd x i 
oiid= i <f> bd^y and for both sides, i ^ bd^. Hence, according 
to Barlow's theory, the expression for the strength of a rectan- 
gular beam is 

[i ^ + iT] bd^ for cast iron, and 

[i (^ + ^0] bd^ for wrought iron and wood - - (164) 

If the beam is supported at its ends and loaded at the middle, 
we have 

iFl =[i<l> + ^T] bd^ for cast iron (165) 

The volume which represents the resistance due to ^ is 
always a prism, having for its base the surface of the figure and 
^, or some fraction of ^, for its altitude. If the second method 
of illustration be used, it will take two figures to fully illustrate 
the strains. For instance, if the section be q& in Fig. 68, the 
moment of the shaded part will be multiplied by T or C, as the 
case may be. To find the remaining part of the moment, find 
the area of each part of the transverse section, also the distance 
of the centre of gravity of each part from the neutral axis. 
Then, to Jmd the moment of re- 
sistance due to longitudinal shear- 
ing, multvply the a/tea of eachjpart 
by the distance of its centre of gra/o- 
ity from, the neutral aadSy add the 
j>roducts and nn^tiply the surn by ^. 
This is true for solid sections ; but 
for hollow beams, T and H sections, 
where there is an abrupt angular 
change from the fiange to the verti- 
cal part of the beam, the factor <^ requires a modification. For 
instance, take the simple case of a single T, Fig. 69, in which 
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Fig. 09. 
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the breadth of the T is V and its depth d'^ and the other nota- 
tion as in the figure. 

The resistance of the upper part is represented by the prism 
whose base is 5^5, and whose altitude is ^^plus the prism whose 

dJ 
base is <?' (J'-S), oi/nd whose altitude is — <b. The resistance of 

the lower part is <f> bd^. The total moment of this resistance is — 

<t> hx.^ + d\V^) X ^^{x^i^d') + <f>hdr X ^di 

X 

To this add the moment of resistance for direct extension 
and compression, the expression for which is of the same form 
as for common theory, and we have for the total moment : — 

{x-dy] '- . - (166) 

From numerous experiments made upon cast-iron beams 
having a variety of cross sections. Barlow found that ^ varied 
nearly as T, that practically it was a fraction of T, the mecm 
value of which was 0.9T. 
For wrought iron he found <^ = 0.53T 

= 0.8C nearly. 
Peter Barlow, F.E.S., father of W. H. Barlow, F.RS., the 
latter of whom proposed the " theory of flexure," in an article 
in the Civ. Eng. Jour., Vol. xxi., p. 113, assumes that <^ = T. 

From the above it is inferred that the practical mean values 
of ^ are : — 

16,000 lbs. for cast iron. 
30,000 lbs. for wrought iron. 
8,000 lbs. for wood. 

Meamples. — 1. How mnch wiU a beam whose length is 12 feet, breadth 2 
inches, depth 5 inches, sustain, if supported at its ends, and uniformly loaded 
over its whole length, and = 50,000 lbs., <p = 30,000 lbs., and coefficient of 
safety i ? .Itw.— 11,000 lbs. nearly. 

2. If = T = 16,000 lbs., * = 2 inches, rf = 6 inches, I = 8 feet ; required 
the uniform load which it will sustain with a coefficient of safety of i. 

8. llb = d = 2 inches, 1=6 feet, R= 50,000 lbs., is broken by an uni- 
form load of 10,000 pounds, required 0. 

133. BBAMS liOABBDIAT ANT NVHEBEA OF POINTS. 

If the beam is loaded otherwise than has heretofore been sup- 
posed, it is only necessary to find the moment of all the forces 
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in reference to the centre of a section and place the algebraio 
Slim equal to the moments of resistance. Those which act in 
opposite directions wiU have contrary signs. 

For instance, if a beam, AB, Fig. 70, rests npon two supports, 
and has weights. P., P„ 

P„ &c., resting upon it at v, Vz 

distances respectively of 
^i> ^15 ^« &C., from one 
support, and m„ m„ m„ 
&c., from the other, the 
sum of the moments of 
the forces on any section 
C whose distance is x 
from the support A, is p,^ ^ 

V,a? — P,(» — n,) — P,(aj — 71,) &c., to include all] the terms <rf 
P in which n is less than x. This equals ^BbcP for rectan- 
gular beams. 

Vj, the reaction of one support, is readily found by taking 
the moments of all the external forces about B, and solving for 
V„ thus : — 

YJ. = P,m, + V^m^ + P.m. + &c. = 5 Pm 

Similarly V, = — j — 

also, V, + V, =P, + P. + P. + &c. = ^ P. 

134. APARTiAii 17NIFORM I-OAB.— Let the beam bc loadcd 
uniformly over any portion of its 
length, as in Fig. 71. 
Let I = AB = length of beam; 
2a = DE = length of the 

uniform load ; 
X = AF = the distance to 

any section ; 
w = the load on a unit of length ; 
V = the reaction of the support A ; 
the centre of the load ; 
Z, = AC ; I =CB. 
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Then AD = Z^-a, and DF = a — Z^ + a. 

Load on DF = w{x ^ l^ + a), 
« " DE = 2wa. 

By the principle of moments 

I 
Yl=2wa. Z, .-. V = Qwaj- 

The moment of stress at F is 
Yx — -^ (a? — l^+ay 

or—j-^x-iw(x-l^+ay (167) 

That value of x which will make equation (167) a maximum, 
gives the position of the dangerous section. Differentiate, place 
equal zero, and make Z, + Z, = Z, and solve for a?, and find 

x = a{l''-2-)+lx (168) 

If Zj = JZ, aj = Z, ; 

h < H»>?i ; 
h > H a^ < ^1 ; 

80 that the maximum strain is at the centre of the loading only 
when the centre of the loading is over the centre of the beam ; 
and in all other cases it is nearer the centre of the hea/m, than the 
centre of the loadvng is. 

The maximum strain is found by substituting the value of x 
equation (168) in equation (167). 

The following interesting facts are also proved. 

Let A D = y .*. a = Z, — y which in equation (168) reduces it to 

-h = {k-y){^-i) - (i68«) 



X 



which is a maximum for y = ; hence so far as A D is con- 
cerned, equation (168a) is a maximum when one end of the load 
is over the support, and for this case the equation becomes 



X 



which is a maximum for Zj = i Z or 21^ = JZ, or the load must 
11 
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extend to the middle of the beam. Making a = Z, = i Z, and 
equation (168) becomes 

and these values of Z, and x in equation (167) give for the max- 
imum moment of stress, 



^^rsw V =i?tWZ 



(169) 



in which W is the load on half the beam. 

Equation (167) gives the stress at the middle of the load, by 
making a-=.l^=.\l and oj = i Z. This gives \ Wl for the stress 
at the middle of the loading ; hence, the maximum stress is li 
times the stress at the middle of the loading when the load 
extends from the one support to the middle of the beam. 



13A. OBiiiaiJB STRAINS. — If the force be inclined to the 
axis, as in Figs. 72 and 73, let * = the angle which P makes 
with a normal section. 





Fl6. 73. 



Fie. 78. 



Then, P cos ^ = normal component, 

P sin i = longitudinal component. 

If K = the transverse section, then 

— j^— = the tension or compression upon a unit of sec- 
tion which arises directly from the longitudinal component. 
This tends directly to diminish R in the formula whether be 
obtuse or acute. If the beam be fixed at one end and free at 
the other, as in Fig. 72, the equation of moments becomes : — 

P sin t\ I 



it i- 
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wMcli for rectangular beams becomes 

^ /-^ P sin ^x JcP ,^ . ^, 

P<«co8.=(E jJ-)-6-- ■ - - (170) 

136* OENBRAii FORMiTi^A. — The preceding methods are 
easily understood, and are perhaps sufficient for the more simple 
cases ; but for the purposes of analysis a general formula is bet- 
ter, by means of which a direct analytical solution may be 
made for special cases. 

Let R = f A« moduhts <j/*7*2^^t*/'^, as^ explained in article 120 ; 
X and u hori^ntal coordinate axes, the former coinciding 

with the axis of the beam, and y a vertical axis ; 
Then 'Rdudy^^ the resistance of a fibre which is most remote 

from the neutral axis. 
Let di = distance between the neutral axis and the most remote 

fibre ; then, according to the common theory, since 

the strains vary as the distance from the neutral axis 

E 
diiy y. "Rdudy: resistance of any fibre = -jydydu 

a, 

R 
.'. -7 1^ dydu = the moment of resistance of any fibre, 

and the sum of all the moments of resistance of any section is 

"R / / R 1 

d,J J ^^^^^d} 

which is called the moment of rupture^ and must equal the 
sum of the moments of straining forces ; 

.•.2Pa? = fl (171) 

The second member of this equation involves the character of 
the material (R) and the form of the transverse sections {-t)\ the 

latter of which may be determined by analysis, and the former 
by experiment. The second member shows that for economy 
the material should be removed as much as possible from the 
neutral axis. A few special cases will now be given. 
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137. liBT THB bbahe bb RBCTANGCTiiAB, h the breadth, 
and d the depth, as in Fig. 61, 



Then I 



-/7 

•/o */o 






di=^\d 

E 

/. V I = i m^ which is the same as expression (145), 

138* IF TB[B 8IBBS OF THBBBABI ABB INCI.INBB tO the 





Fig. 74, 



Fia. 75. 



direction of the force, as in Fig. 74, let i be the inclination of 
the side to the horizontal ; then 

I = 33^(ef sinV + VcoA'if 
d^ = -Jifeini+iJcos i 

• R^ iMd r ^^^^*^ +ycoB V-i ^ ^ ^ 

<?j "" * L ^im + Jcos^' J * * ' I ^/ 

This expression has an algebraic minimnm,t but not an alge- 
hraic maximnra. By inspection, however, we find that the 
practical maximum is found by making i = 90°, if d exceeds h. 
Hence, a rectangular beam is strongest when its broad side is 
parallel to the direction of the applied forces. 

Hence, the braces between joists in flooring, as in Fig, 75, not 



♦ See Appendix IH. 

f See an article by tbe auiiior m the Journal of Frariklin In^tvUy Vol 
LXXSr., p. 260. 
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only serve to transmit the stresses from one to another, but 
also to strengthen them by keeping the sides vertical. 

If t = 90°, equation (172) becomes ^BM" - - - (173) 
Jfi = d and i = 45°, equation (172) reduces to 



6^2 



(174) 



(which is the same as equation (163)), 
and if J = <?, and i = 0° or 90°, it becomes 

^Bd\ 

Hence, the strength of a square beam having a side vertical 
is to the strength of the same beam having its diagonal vertical, 
as 

or ^2 to 1 or as 7 to 6 nearly, 

In establishing equation (172) it was assumed that the neutral 
surface was perpendicular to the direction of the applied forces, 
which is not strictly true unless the forces coincide with the 
diagonal ; for in other cases there is a stronger tendency to 
deflect sidewise than in the direction of the depth. In this case, 
as soon as the beam is bent there is a tendency to torsion. Both 
these conditions make the beam weaker than when the sides are 
vertical. If the tendency to torsion be neglected, the case may 
be easily solved ; but as the result shows the advantage of keep- 
ing the sides vertical, the solution is omitted. 

139« THB STRONGEST RB€TANGUI<AR BEAM which CaU 

A^ ^ 3 be cut from a cylindrical one has the breadth 

to the depth as 1 to \/2, or nearly as 5 to 7. 
Let X = AB = the breadth, 
y = AC = the depth, and 
D = AD = the diameter. 

■— -^ JM 

L 78. 

Then, 

y" = D' - a? 

and equation (173) becomes 
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which by the Differential Calculus is found to be a maximum 
for 

,\x:y : :1 : -v/2 or nearly as 5 to 7. 

Mca/mjj^, — How mnoh stronger is a cylindrical beam than the strongest 
lectangnlar one which can be cat from it ? 
(For the strength of a c^indrical beam, see equation (180)). 

An$. — Abont 63 per cent. 

How mnch stronger is the strongest lectai^alar beam that can be cat from 
a cjlindrical one, than the greatest sqaare beam which can be cut from it ? 



140. TBiANOUiiAR BBAMs. — ^If the base is perpendicular 
to the neutral axis, as in Fig. 77 ; 

Let d = AD = the altitude, and 
i = BC = the base. 

Take the origin of coordinates at the cen- 
tre of gravity of the triangle, y vertical and 
ii horizontal. 

Then, by similar triangles, 




rici. TT. 



ift : y::d:^d+u 

idb+^ ^ 2d 



y = 



d 



dy 



.-. 1 = 2/7y%e?t^ = 




i5 



^ 



"We also have 
dr==ii; 

I 

.-.E j = ^E(fy = ^EAS 

in which A is the area of the triangle. 

If the base is parallel to the neutral axis, as in 
-Fig. 77 ay then, by similar triangles, 

d :^i::^ — y:u 



(175) 




.^''■ 
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.'. I = 2//'/dydu = 





We also have 
I 



(176) 



Equations (173) and (175) show that a triangular beam which 
has the same area and depth as a rectangular one, is only half as 
strong as the rectangular one. 

Some authors have said that a triangular beam is twice as 
strong with its apex up as with it down, but this is not always 
the case. If the ultimate resistance of the material is the same 
for tension as for compression, the beam will be equally strong 
with the apex up or down. 

If the beam is made of cast iron, and supported at its ends, it 
will be about 6 times as strong with the apex up as down ; but 
if the beam be fixed at one end, and loaded at the free end, it 
will be about 6 times as strong with the apex down as with it up. 

1 4 1 • TRAPBzoiD Ai« BBAM. — Required the strongest trap- 
ezoidal heam, which can he cut from a given triangular one.\ 

c Let ABC be the given triangle, 

ABED the required trapezoid, 
d = CG = the longest altitude, 
J = AB, rf, = FH, w = CF, 
z = CH = rf,+ w, and v = DE. 

IJ is the neutral axis of the trapezoid, 
which passes through its centre of gravity 
H. We may then find : — 




« This is more easilj soWed bj taking the moment about an axis through the 
yertex and parallel to the base, and using the formula of reduction. See Ap- 
pendix. 

f See an article by the author in the JoufTialof FrankUn Institute^ yoL xli., 

third series, p. 198. 
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di = hi ^ — IT-, 

+ V 

T _ 1^ r ^' + h*v - 85V + 8h'v' -iv*- ^;* ^ 
^--^h'l b + v J 

which is to be a maximum. By the Calculup we jfind, after re- 
duction, that 

for a maximnm, which solved gives 

V = 0.13093J or 0.13^ nearly, and hence 
w z= 0.1309Sd or 0.13d .... (178) 

which substituted in (177) gives 

-Rj = 0.545625 ^ (179) 

Dividing equation (179) by equation (176) gives 1.09125 ; hence 
from (178) and (179) we infer that if the angle of the prism he 
taken off 0.13 of its depth^ the remaining trapezoidal heam 
will be 1.091 ti/mes as strong as the triam/guLar one^ which is 
a gain of over 9 per cent. 

Li order to explain this paradox it must be granted that the 
condition does not require that the beam shall be broken in two, 
but that a fibre shall not be broken — in other words, the beam 
shall not be fractured. The greatest strain is at the edge, where 
there is but a single fibre to resist it ; but, after a small portion 
of the edge is removed, there are many fibres along the line 
DE, each of which will sustain an equal part of the greatest 
strain. 

If the triangular beam were loaded so as to just conmience 
fracturing at the edge, the load might be increased 9 per cent, 
and increase the fracture to only thirteen-hundredths of the 
depth ; but if the load be increased 10 per cent, it will break 
the beam in two. 

These results are independent of the material of which the 
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beam is made. If the beam be cut off ^ the depth, its strength 
is fomid from equation (177) to be 



0.465608 



12 



which is 0.93101 of equation (176). 

Mr. Couch found, for the mean of seven experiments on tri- 
angular oak beams of equal length, that they broke with 306 
pounds. The mean of two experiments on trapezoidal oak 
beams, made from triangular beams of the same size as in the 
preceding experiments, by cutting off the edge one-third the 
depth when the narrow base was upward, was 284.5 pounds. 
This differs by less than half a pound of 0.931 times 306 
pounds. 

149* cYiiiNBRicAii BEAms. — The moment of inertia of a 
circular section in which r is the radius, is 

/■*"^ 

d, = r; 

EI 
.-. -^ = iE^rr* - (180) 

If polar co-ordinates are used, we have 

dndy = cd^d<l>, 

where ^ is a variable radius and a variable angle. 
. s. Also y = c sin ^ 



Fig. 79. 



/A=Jjydydu== j j ^^\vl 4>did<t> 

Jo Jo 



i(l -- cos 2<^) d<^ = J*-/'*, as before. 



For a circular annulus we have 



e|=b£.(/-o. 
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By comparing equations (180) and (14r5) we see that the 
strength of a cylindrical beam is to that of a circumscribed 

rectangular one as 09 • i? or as 0.589 -f : 1. 

, Also the strength of a cylindrical beam is to that of a square 
one of the same area as ^RA^' to ^KAe? (rf' being the diameter 
of the circle), 

or as 1 : f l^-y, = f -/«■] or as 1 : 1.18 nearly. 

143. EIiI<IPTICAL BBAKES. 

Let b = the conjugate axis, and 
d = the transvei-se axis ; then 
if rf is vertical (Fig. 80), we have 
I = ^ wbcP and d^ = \d. 

If J is vertical (Fig. 81), we have 
I = -^wid* and {?j = JJ. 




r r\ 


L ....^ 



d 

Fig. 81. 



144. PAR ABOI<IC. BEAMS. 





Fig. 8^. 



If S = the base, and 

d = the height of the parabola, and 
if d is vertical (Fig. 82), we have 

I = -Y^^d, and d^ = fd. 
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If S is vertical (Fig. 83), then 

I = ^^bd^j and d^ = JJ. 

1^5. ACCORBING TO BARIiOlT'S THBORIT we havO 

'%-[MdydiP[ + 4^ffydydii=2Vx - - - (181) 

which must be integrated between the proper limits to include 
the whole section. 

If the neutral axis is at the centre of the sections, and the 
beam is rectangular, we have 

which reduced gives 

hence, if ^ has any ratio to T, the law of resistance in solid rec- 
tangular beams is the same as for the common theory only. 

If <^ = T, this becomes 
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CHAPTEE VIL 

BEAMS OF UNIFORM BESISTAKGE. 

• 

146. GBNERAii BXPRBSSTON. — If beams are 80 formed 
that they are equally liable to break at every transverBe section, 
they are beams of uniform resistance^ and are generally called 
heams of uniform strength. The former term is preferable, be- 
cause it applies with equal force to all strains less than that which 
will produce rupture. In such a beam the strain on the fibre 
most remote from the neutral axis is uniform throughout the 
whole length of the beam. The analytical condition of such a 
beam is: The sum of the m>oments of the resisting forces must 
vary directly as the sum of the moments of the a/pplied forces; 
hence equation (171) is applicable ; or 

EI 
2?«' = -^, (182) 

which must be true for all values of a?. But to obtain practical 
results it is necessary to consider 

PARTICULAR CASES. 
147, BBAMS FIXBD AT OirSS BBTD AND IiOADBD AT THB FRBB 

END. — Required the form, of a heam, of uniform resista/nce 
when it is fixed at one end and loaded at the free end. 
1st. Let the sections be rectangular, and 

y = the variable depth, and 
u = the variable width. 

Then I = -^ut^ (see equation (51)), 

d, = \y, and 

XPx = Pa? = the variable load.* 



* For SPa; nse the general moments as given in the table in Article 101, so 
far as they are applicable. 
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Hence equation (182) becomes 

Tx=:^Bny' (183) 

a. Let the breadth be constant ; or t^ = J ; then (183) be- 
comes 

Paj = iEJy*,. (184) 

which is the equation of a parabola, whose axis is horizontal 
and parameter is pr. See Fig. 84. 





Fio. 84. 

h. Suppose the depth is constant, or y=:d. Then (183) be- 
comes 

Paj = iErfX (185) 

which is the equation of a straight line ; hence the beam is a 
wedge, as in Fig. 85. 

e. If the sections are rectangular and similar, then 

u:y: :h : d 
h 

and equation (183) becomes 

which is the equation of a cubical parabola. 

2d. Let the sections be circular. Then 
I = -^fity (equation (52), in which y is the 
diameter of the circle), and t?i = ^y ; hence 
(182) becomes 

pio 88. which is also the equation of a cubical para- 

bola, as shown in Fig. 86. 
8d. Let the transverse sections be rectangular, and I con- 
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atant, the breadth and depth both being variable, then equ ation 
(182) becomes 

P« = e(A22 = e4 (186) 

in which t; is a constant, = Ja?, 5 and d being the breadth and 
depth at the fixed end. Equation (186) is the equation of the 
vertical longitudinal sections, and is the equation of an hyperbola 



referred to ite asymptotes. See Fig, 87. If the value of y from 
this equation be substituted in the equation Ky" = e, it givee 

which is the equation of the horizontal longitudinal sections ; 

hence they are cubical parabolas, as in Fig. 88. For a; and «= 0, 

J. 216PV 
y = 00, and for a; = i, 1* = = „ ,, ■ 

4th. If the breadth is the Tith power of the depth, and the sec- 
tions are rectangular, then « = y", and equation (183) becomes 

which is the general equation of parabolas. 

148. BEAMS FIXED AT ONE END AND UNIFOBKILT 

i^OADBa,— Required the form of a learn of uniform resistant 



BEAMS OF UNIFORM RESISTANCE. 



175 



when it is fixed at one end and uniformly loaded over its whole 

length; the weight of the beam being neglected. 

The origin of co-ordinates being still at the free end, we 

have 

wx = the load on a length x, and 

l^waf = the moment of the load (equation (53)). 

Hence, for rectangular sections, equation (182) becomes 

iwx' = ^'Rui/' - - (188) 

a. If the breadth is constant, or i* = 5 in (188), it becomes 

iwx' = ^mf, 

which is the equation of a straight line ; and hence the beam 
will be a wedge, as in Fig. 89. 




Fio. 89. 



b. Let the depth be constant ; or y = rf in (188) 

*•. j^wx^ = ^E^V ;— 

a parabola whose axis is perpendicular to the axis of the beam, 
as in Fig. 90. 

c. Let the sections be similar ; — 

then d:b : :y : u = ^y, 

.'. equation (188) becomes ^wx^ = i^z/^* > — 
a semi-cubical parabola, as in Fig. 91. 





Fia. 90. 



Fig. 91. 
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d. Let I be constant, or -^uy^ = ^V^** Then equation (182) 
becomes 

^wd^ = ^E — ; — an hyperbola of the second order. 

y 

149. PBBTIOU8 CA9B8 coifiBiNBD. — Required the form 
of the ieam of uniform resistance v^hen it is Jixed at one end 
and loaded uniformly ^ and also loaded at the free end: 

The moment of applied forces is Pa?+|^t£?aj'; hence equation 
(182) becomes, for rectangular beams, 

Pa? + |«^aj' = iKi^y*. 

Hence, if the depth is constant, Yx + \W7? = ^Rt^' ; — ^a 
parabola ; 

Hence, if the breadth is constant, Pa? + ^a?' = ^SJbx^ ; — an 
ellipse ; 

Hence, if the sections are similar, Yx + Jw?a5* = |^R -^ ; — ^a 

a I 

semi-cubical parabola. 

150. WEiGHtT OF THK BBAM CONSIBBBBD. — Required 
the form of the heam of uniform, resistance when the weight of 
the ieam is the only load ; the beam, hein^g fixed at one end and 

free at the other. 

a. Let the sections be rectangular and the breadth constant. 
Let aj = AB ; Fig. 92, 

h = the breadth, and 
8 = the weight of a unit of 
volume. 

Then jydx = the area of ADC, 

and 

Bbjydx = the weight of 

ADC; 

the limits of the integration 
being and x. 
If F is the centre of gravity of ADC ; we have, from the 

txtjdx 
principles of mechanics, the distance AF =7*^ ' 




Fio. 93. 
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r The moment of the applied forces is the weight of ADC 
multiplied by the distance BF = 05 — AF. Hence, equation 
(182) becomes 

which reduced gives 
211 

i»' = -g-y (189) 

which is the equation of the common parabola, the axis being 
vertical. 

If there is a single curve, -k- is its parameter ; but if two 

curves, as in the figure, -k- is the parameter of each. 
h. Let the depth he constant In a similar way we find 

This solved gives 



in which C and G^ are constants of integration, and involve 
the position of the origin of co-ordinates and direction of the 
curve at a known point. 

€. Let the beam ie a conoid of revolution'^ as in Fig. 93. 

We have, as before 




!/V*[--^]=i'^/. 



which reduced gives 

which is the equation of the common parabola. 

d. Suppose^ in the preceding cases^ tTiat an additional load^ 
P, is applied at the free end. 

Some of the equations which result from this condition can- 
12 
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not be integrated in finite terms, and henoe the curves cannot 
beclassified* 

151 • BBAIKS fll7PPpIiTBD AT THEUt ENDS. 

A. Let the beam he supported at its ends and loaded at the 
middle point. 

For this case, equation (182) becomes, for rectangular sec- 
tions, 

^Vx^^-Ruy" (192) 

a. If the breadth is constant, we have • 

^Vx = iEV, 
which is the equation of the. common parabola. 
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The beam consists of two parabolas, having their vertices, 
one at each support, as in Fig. 94. 
J. If the depth is constant, we have 

iPa? = iIWV; (193) 

ft wedge, as in ^ig. 95. 

B. If the heam is uniformly loaded^ we have from equations 
(74) and (182), 

^ (fo — a?) = \'Ruy' — ^if rectangular, and if the breadth is 

constant, ^ {]^ — Qf) = ^EJy' ; (1^4) 

an ellipse. Fig. 96* 

If the depth is constant, ^ {lx--x^=: ^'Rd\ a 'parabola. 
Fig. 97. 





Fi«, 96. Pig. 97. 

C. Xet the hea/m have an uniform load and also an uni- 
formly increasing load from, one end to the other ^ as m Fig. 

98. 
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Fig. 98. 



Let W =: the weight of the uni- 
form logi,d, 
W, = the weight of the uni- 
formly increasing 
load, and 
V = the reaction of the sup- 
port at the end whidi has the least load. 
Then r=iW+iW,. 
Let X be reckoned from A, then the load on x is 

and the nioment of this reaction and load on a section which is 
at a distance « from A is 



(iW+iW>-^-^ 



(195) 



which equals ^R Jy* for rectangular beams of uniform breadth. 
To find the point of greatest strain, make the first differential 
coefficient of (195), equal to zero. We thus find 



W W* 



a? = 0. 



If W = 0, this gives 

When W = 0, this beccanes the case of water pressing against 
a vertical surface. 



153, BEAMS FIXED AT THEIR ENDS. — If thc^ beam is 
fixed at its ends and loaded at the middle with a weight, P, we 
have, from equations (117) and (182), when the breadth is uni- 
form, 

iP{l -^ ix) =^ ^-Rhf, (196) 

which is the equation of a parabola. The beam really consists 
of four double parabolas with their 
vertices tangent to each other, as in 
Fig. 99. The vertices are JZ from 
the end. 

If the load were unif orrii we would 
obtain, in a similar way, a beam com- fig. 99. 

posed of four wedges. These are di- 
rect deductions from theory, but it is evident that ther6 is some- 



It -i^A. 
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thing wanting, for a beam like Fig. 99 has no transverse 
strength. The same result, though not quite so glaringly appa- 
rent at first sight, exists in all the cases which we have discussed. 
For instance, in figures 85, 86, and 87 the sections at the free 
end must have a finite value to resist the shearing stress, and 
the beams must be enlarged, as determined in the next article. 
If the section is reduced to naught, it can sustain no weight. In 
the present case, there is neither tension nor compression at A 
and B, as was shown in articles 99 and 100 ; but there is a 
transverse shearing stress at those points, and there must be stif - 
ficient transverse section to resist it. The same remark applies 
to the preceding cases, and the forms must all be modified to 
meet this condition, as is shown in the next article. 



] 53, EFFECT OF^ TBANSTERSE SHEARING STRESS On 

modifying the forms of the hearfis of uniform resista/nce. 

The value of the transverse shearing stress is given in Article 
84. For instance, in the case of a beam uniformly loaded, it is 
V —wx = ^l —wx = iw(l — 2x) at any point in the length. 
This quantity, divided by the product of the breadth and modu- 
I 'IS of strength for transverse shea/ring, gives the depth neces- 
sary to sustain this force. Take, for example, case A, Article 
134. The load being uniform, we have 8s = ^{l — 2a?) as 
given above, which is the equation of a straight line, Fig* 100, 
in which 





Fio. 100. Pig. 101. 

AB = i^d -T- (J X m/odulus of shea/rvng). 

Hence we would at first thought naturally infer that the form 
of the beam of uniform strength in this case would be found by 
adding the ordinates of the straight line, AC, to the correspond- 
ing ordinates of the ellipse, thus giving Fig. 101. But as soon as 
this is done the equation of moments is changed ; for the lever 
arm of the force is increased, and the moment of resisting 
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forces is greater. To avoid this difficulty we would add the 
section which is necessary for sustaining the shearing stress, 
to the side of the beam. But in all those cases where the 
depth, as found by moments, is zero, this method is imprac- 
ticable, for the thickness to be added would be infinite. It 
seemSj then^ that to solve this case theoretically^ we must add 
some arbitrary quantity to the depth as found hy moments^ 
which quantity shaU increase the section so as to fully resist 
the mmnent of the ajypUed forces^ and^ in addition thereto^ 
PAETLY resist the shearing stress^ and then a section must he 
added to the side of the beam which shall sustain the remain- 
der of the shea/ring stress. 

Tabulated values of shearing stresses for several of the cases 
which ha/oe been considered. The values in the fourth column 
of the following table may be found according to the principles 
given in Article 84, or they may be found by taking the first 
differential coefficient of the moments of applied forces.* 



♦ The third of equationg (42a) ib EPaj — SF sm. a x a? = SFi^, and smoe the 
lever arms, x and y, of the forces are always linear quantities, we may enter 
under the sign £ and differentiate them. This gives U^dx — £F sin adx = 

(EFj)(?y, or ^ [SP — EF sin a\ = EF, which, combined with the second of 

(42a), gives £P=:LF sin a=:S«. Hence we have this simple role : Bs is 
the first differential coefficient of the moments of the a^Ued forces. 

When the bending moment has an algebraic maximum, the abscissa of the 
point of greatest bending stress may be found by making the first differential 
coefficient of the moment of the stress equad to zero, and solving for x ; hence, 
in this ease, the bending moment is greatest where the shearing stress is zero. 
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A TABLE OF MOMEKTS AND fiHEABING STBESS. 



X^umber of 

the Case. 

Bee page laO. 


• 
Conditioii at the beam. 


Genertf moments of the 

Applied FoToea. 

Bee page 180. 


BhwirlngBtrBM. 

8,. 


I. 


Fixed at one end and 
P at tiie free end. 


Pa?. Eq. (35). 


P. 


IL 

* 


Fixed at one end and 
uniformly loaded. 


itMJ». Eq. (40). 


w 


IV. 


Sapi)orted at the ends 
and P at the mid- 
dle. 


iFx. Eq. (44). 


ip. 


V. 


Sapported at the ends 
and onif ormly load- 
ed. 


mo-^k^. Eq.(48). 




Vll 


Fixed at one end, sup- 
ported at the other, 
and P anywhere. 


For tiie part AD, Fig. 

43, Eq. (64). 
For the part DB, Fig. 

43, Eq. (67). 


i»«(3-n)P. 


Vlll. 


Fixed at one end, sup- 
ported at the other, 
and uniformly load- 
ed. 


\w{4a?-Zla^, Eq. (87). 


4«(8«!-8J). 


IX. 


Fixed at the ends and 
P at the middle. 


i(«-4»)P. Bq. (»4).' 


1 


X. 


Fixed at the ends and 
uniformly loadend. 


^(P-6te+6aj^. Eq. 
(102). 


iwl—tox. 

1 


Art. 150. 


Fixed at one end, and 
the weight of the 
beam the load. 


ibxfydx— tbfxydx. 


Ihfydx, 

• 


C. Art. 151. 


Supported at the ends, 
uniform load, also 
load xmiformly in- 
creasing. 


"Wit* 


iW+iW. ^* "'f. 
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If a beam is supported at its ends, and loaded with iseveral 

weights Pij Pj, P^, etc., as in 



I 



^1 P. P3 P4 



Fig. 102, we may readily find 
the shearing stress at .any point 
by article 84. It is there 
H^ shown that the shearing stress 
p,Q^ 102^ = 2P, where XP equals the 

algebraic sum of all the ver- 
tical forces, including the reaction at the abutment. Hence, 
we have for the shearing stress 

between the end and Pi = V ; 
between P^ and P, r= V — P, ; 

' between P, and P, ^V-P^-P^; 

between P, and P, =±: V - P, — P. - P, ; etc. 

I;f the weights are equal to each other = P, we have P = Pj 
= P, =P,5 etc. ; and if there are n of them, and they are sym- 
metrically placed in reference to the centre of ihe beam, we have 

V = i7iP. 

If n is even, we have, at the centre of the beam, the 

transverse shearing stress = JtiP — ^nV = - - (197) ; 

and if n is odd, there will be a weight at the centre, and each 
side of the central weight we have 

transverse shearing stress = ^tiP — J(n±l)P = ± iP - (198). 

154. uwsoiiVKD PROBiiSMs. — Many practical problems in re- 
gard to the resistance of materials cannot be solved according 
to lany known laws of resistance. Some of these have been 
solved experimentally, and empiricaj formulas have been de- 
duced from the results of the experiments, which are sufficiently 
exact for practical purposes, within the range of the experi- 
ments. The resistance of tubes to collapsing, the strength of 
columns, and the proper thickness of the vertical web of rails, 
are such problems which have been solved experimentally. The 
following problems are of this class, and have not been solved. 
The first four are taken from the Mathematical Monthly ^Yo\. 
1., page 148. 

1. Eequired a formula for the strength of a circular flat iron 
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plate of uniform thickness, supported throughout its circumfer- 
ence and loaded uniformly, 

2. Eequired the strength of the same plate if the edges are 
bolted down. ' 

3. Eequired the equation of the curve for each of the pre- 
ceding cases, that they may have the greatest strength with a 
given amount of material. / 

4. In the preceding problems, suppose that the plate is square. 

5. Eequired the form of a beam of uniform strength which is 
supported at its ends, the weight of the beam being the only 
load. Suppose, also, that it is loaded at the middle. 

The latter part of this problem has received an approximate 
solution under certain conditions, as will be seen from the fol- 
lowing experiments. 



% 



Fig. 108. 



^ 



% 



ISiSm BBST FORM OF CAST-IRON BR AM AS FOUND BXPRRI- 

MRNTAio^T. — Cast-iron beams were first successfully used for 
building purposes by Messrs. Boulton and Watt. The form of 

the cross-section of the beams which they 
used is shown in Fig. 103. More recent 
experiments show that this is a good 
form, but not the best. 

About 1822 Mr. Tredgold made an 
experiment upon a cast-iron beam of the 
form shown in Fig. 104, to determine 
its deflection. He recommended this 
form for beams. 

Mr. Fairbaim has justly the credit of 
making the first series of experiments 
for determining the best form, of the 
heam. These experiments were prose- 
cuted by himself for a few years, beginning about 1822, and 
continued still later by Mr. Hodgkinson. 

The experiments quickly indicated that the lower flange 
should be considerably the largest. 




Fig. 104 
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The following experiments were made by Mr. Hodgkinson 
(Fairbaim on Cast and Wrought Iron, p. 11). 





iC 



tc 



Fig. 106. 

Fig. 105 shows the elevation and cross-section of a beam 
whose dimensions are as follows : — 

Area of top rib=1.75x 0.42=0.735 inches. 
Area of bottom rib=1.77 x 0.39=0.690 " 
Thickness'of vertical rib, - - 0.29 

Depth of the beam, 5.125 

Distance between the supports, 54.00 " 
Area of the whole section, - - 2.82 square inches. 
"Weight of the beam, - - - - 36J pounds. 
Breaking weight, 6,678 pounds. 

The form of the fracture is shown eit i n r. It broke by 
tension. 

Experiment IV. 




Dimensiona, Inches. 

Thickness at A = 0.32 
« " B = 0.44 
" « C = 0.47 
« « FE = 2.27 
" " DE = 0.52 
Depth of the beam = 5.125 • Fier. loe. 

Area of the section =. 3.2 square inches. 
Distance between the suppoiiB = 54 inches. 
Weight of casting = 40i lbs. 
Deflection with 5,758 lbs. = 0.25 inches. 

« « 7,138 « =0.37 

Breaking weight 8,270, lbs. 



a 
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EZPEKQIENT 19. 




Zl 



Pitt. 107. 

Dimensions in inches : — 

Area of top rib = 2.33 x 0.31 = 0.72. 
" " bottom rib = 6.67 x 0.66 = 4.4. 

Katio of the area of the ribs = 6 to 1. 

Thickness of vertical part = 0.266. 

Area of section, 6.4. 

Depth of beam, &§•. i* 

Distance between the supports, 54 inches. 

"Weight of beam, 71 lbs. 

This beam broke by compression at the middle of the length 
with 26,084 lbs. 

It ]fi probable that the neutral was very near the vertex n, or 
about f the depth. 

Experiment 21. 




ml. 




Bottom Flaiu^ 
Top Flanch 




FialOB. 

This was an elliptical beam. Fig. 108. 

Dimensions in inches : — 

Area of top rib = 1.54 x 0.32 = 0.493. 

" " bottom rib = 6.50 x 0.51 = 3.316. 
Batio of ribs, 6^ to 1. • 

Thickness of vertical part = 0.34. 
Depth of beam, 5 J. 
Area of the section, 6,41. 
Distance between supports, 54 inches. ] 
Weight of beam, 70f lbs. 
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Broke at the micjdle by tension with 21,009 lbs. 
Form of fractjire h nr\ J ^ =c 1.8 inches. 

As these beams have all the same depth and rested on the 
same supports, 4 feet 6 inches apart, their relative strengths 
will be wpproximatdy as the breaking .weight divided by the 
a^ea of the cross section. 

In Experiment 1 , 6,6T8 -f- 2.82 = 2,368 lbs. per square inch. 
<^ « 14, 8,270 -^ 3.2 = 2,584 . « « 

« <^ 19,26,^84-^6.4 =4,075 ^' " 

'' « 21, 21,009 -^ 6.41 = 3,883 « « 

It is evident from these experiments, that when the vertical 
rib is thin^ the area of the lower rib should be about 6 times 
th^t of the upper. In the 19th experiment it has already been 
observed that the beam broke at the top, and in the 21st it 
broke at the bottom, although the lower flange was larger in 
proportion to the upper than in the preceding case, and the 
comparison shows that they were about equally well propor- 
tioned. They should be so proportioned that they are equally 
liable to break at the top and bottom. 

A beam proportioned so as to be similar to either of the two 
last forms above mentioned may be called a " type form.'' 

1S6. HoiiGii^iNSOBf»« FORMiriiAs foT the Strength of east- 
iron ieams of the type fobm. 

Let Tr= the breaking weight in tons (gross). 

a = the area of bottom rib at the middle of the beam. 

d = the depth of the beam at the middle, 
and I =^ the distance between the suppoi-ts. 
Then according to Mr. Hodgkinson's experiments we have 

W=^2Q-j- when the beam was cast with the bottom 

rib up, and 

dd 
Tr=24-y- when the beam is cast on its side. 

lJ5y. bxperhsents on T raii.s — Experiments on T bars, 
supported at their ends and loaded at the middle, gave the fol- 
lowing results : — * 

* Mahan^s Civ. £^g., Vf' ^ AQ4 ^i IBarlow p» tlie Strength of Materiala, 
p. 183. 
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Hot blast bar, rib upward, X broke with - - 1,120 pounds. 

" " " downward, T broke with - 364 " 

Cold blast " " upward, ± broke with. - - 2,352 " 

" " " downward, T broke with - - 980 " 

The ratio of the strengths is nearly as 3 to 1, but according 
to the table in Article 47, we might reasonably expect a higher 
ratio. If a greater number of experiments would not have 
given a higher ratio, we would account for the discrepancy by 
supposing that the neutral axis moved before rupture took 
place, or that the ratio of the crushing 'strength and tenacity is 
less for comparatively thin castings than for thick ones. It is 
known that the crushing strength of thin castings is proportion- 
ately stronger than thick ones.. Hodgkinson found tiiat for 
castings 2, 2^, and 3 inches thick, the crushing strengths were 
as 1 to 0.780 to 0.756 ; and Colonel James found a greater in- 
crease — ^being as 1 to 0.794 to 0.624. See also Article 37. 

158* T¥BouGHT-iRON BBAiHS. — ^Ttc trcachcrous character 
of cast-iron beams, on account of the internal structure of the 
metal, and the unseen cracks and flaws which may exist, has 
led to the introduction of solid wrought-iron beams. When cast- 
iron beams were first used, it was practically impossible to 
manufacture solid wrought-iron ones, but the great improve- 
ments which have been made since then in the processes of 
manufacturing, have not only made their construction possible, 
but they have enabled the manufacturer to produce them so 
cheaply as to bring them within the means of those who desire 
such articles. At Trenton and Pittsburg they make rolled 
beams f ipm a single pile,* but it is stated that by this method 
they can make beams only about nine inches in depth. At 
Buffalo sCnd Phoenixville they use Mr. John GriflSn's patent, 
which consists in rolling the flanges separately, piling the plates 
for the web between them, and then rolling and welding the 
whole together. By this method they can make beams at least 
twenty inches deep, and of any desired length. There is no 
attempt to make them of uniform strength. They are of the 
double T (I) pattern, and of uniform section throughout. 



* Jonr. Frank. Inst, Vol 86, p. 331. 
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CHAPTER VIIL 

TORSION. 

IffO* TOBsiVE STRAINS are very common in macliineiy. 
In all cases where a force is applied at one point of a shaft to 
turn (or twist) it, and there is a resisting force at some other 
point, the shaft is subjected to a torsive strain. The wheel and 
axle is a familiar case in which the axle is subjected to this 
strain. To produce toraion without bending, two equal and par- 
allel forces, acting in opposite directions, and lying in a plane 
which is perpendicular to the axis of the piece, must be so applied 
to the section that the arms of the forces shall be equal. In other 
words, mechanically speaking, a cov/pU whose axis coincides 
with the axis of the piece, must be applied to the piece. If 
only a single force, P, is applied, as in Fig, 109, the piece is 
pushed sidewise at the same time that it is twisted ; but the 
amount of twisting is the same as if the force, P, were divided 
into two, each equal ^P, and each of these acted on opposite 
sides of the axis and in opposite directions, and at a distance 
from the axis equal AB, Fig. 109. For, the moment of the 
couple thus formed, is ^P x 2 x AB=P.AB, which is the 
moment of P. 

160* THB ANGiiS: OP TORSION is th4 angle through which 
a fibre whose length is v/rdtyy and which is situated at a unifs 
distance from the aadsy is tu/rned by the twisting force. It 
depends for its value, in any case, upon the elastic resistance to 
torsion, as well as upon the dimensions of the piece and the 
twisting force. The analysis by which its value is determined 
is founded upon the following hypotheses, which are approxi- 
mately correct. 
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Ist. The registance of any fibre to torBion varies directly as ite 
distance from the axis of tie piece. 

2d. The angular amount of torsion of any fibre between any 
two sections, or the total angle of torsion, variee directly aa the 
distance between them. 

It is fomid by experiment, that these hypotheses are snffi- 
eiently exact for cylinders and regular polygonal prisms of 
many sides. They assume that transverse sections which were 
plane before twisting, remain so while the piece is twisted, but 
in reality the fibres which were parallel to the axis before 
being twisted are changed to helices, and this operation pro- 
duces a longitudinal strain upon the fibres ; and this, in turn, 
changes the transverse sections into warped surfaces.* 

To find the angle of torsion : — ^ 

Let I = AD = the length of- the piece. 
Fig. 109. 
a = AB = the lever arm of P. 
P = the twisting force. 
m = a AS = the total angle of tor- 
sion, or angle through 
which Aa has been twist- 
ed. 

e ~ j = " The Angle of Torsion," 

— supposed to he small. 

y{^, f) = the equation of a transverse section, and 
G = the coefficient of the elastic resistance to torsion, which 
is the force necessary to turn one end of a tmit of area and 
unit of length of fibres through an angle unity, the vertex 
of the angle l>eing on the axis of torsion, one end of the fibres 
being fixed and the twisting force being applied directly to 
the other end, and acting in the direction of a tangent to the 
arc of the path described by the free end. 

As a uiiit of fibres cannot be placed so that all of them will 
be at a unit's distance from the axis, we must suppose that the 
resistance of a very thin annulus, which is at a unit's distuice, 
is proportional to that of a unit of section j or the resistance 



of an element at a units' distance from the axis is G multiplied 
by its area ;. wliich expressed analytically is 

Gpdpd(l>y 
and according to the first law 

Qp*dpd<f> = the resistance of any 
fibre whose length is unity, to being twisted through an angle 
unity ; and the moment of resistance = Gp*dpd(f> for an angle 
unity ; and for any angle the moment is, according to the 
second law, 

Q0p'dpd<f> 
and the total moment equals the moment of tha applied force, 
or moments of the applied forces ; hence 

Ta = G0f/p'dpd4> = G^I^, 
where Ij» is the polai* moment of inertia of the section. 

For circular sections Ip. = / / p^'dpd^ = i^rr* (199) 




. Q^ ^'Pa^^Fal 

161. TBM vAiiUB OF TKB ooBFFiciENT G may be fouud 
from equation (200). M. Cauchy found analytically on the con- 
dition that the elasticity of the material was the same in all 
directions, that G = |» E.* ML Duleau found experimentally 
that G is less than f E, and nearly equal J E, f and M, Wert- 
heim found G = f E nearly. $ M. Duleau's experiments gave 
the following mean values for G : f 

Pounds. 

Soft iron 8,583,680 

Iron bars 9,480,917 

English steel 8,533,680 

Forged steel (^;^y/w^) 14,222,800 

Cast iron 2,845,600 

* BSsnm^ des Lemons, Navier, Paris, 1856, p. 197. 
f B^sistance des Mat^rianx, Morin, p. 461. 
t L'Engmeer, 1858, p. 52. 
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Ponnds. 

Copper 6,209,670 

Bronze 1,516,150 

Oak - - - - 568,912 

Pine - - - - 615,472 

Example. — If an iron shaft whose length is 5 feet, and diameter 2 inches, 
is twisted through an angle of 7 degrees by a force P = 5,000 lbs., acting on a 
lever, a = 6 inches, required Gt, The 7 degrees is first reduced to arc by multi- 

n 7ir 

plying it by jgv, which gives a = — , and Bq. (200) gives, 

2x5000 X 6 x60xl80 _ 
^"" (3.1416)« X 7 - »,«»7,000 lbs. 



163. TORSION PENDUIiirM. — If A prism is suspended from its 
upper end, and supports an arm at its lower end, and two weights each equal 
^ W are fixed on the arm at equal distances from the prism, and the prism be 
twisted and then left free to move, the torsional force will cause an angular 
movement of the arm until the fibres are brought to their normal position, 
after which they will be carried forward into a new position by the inertia 
of the moving mass in the weights j- W until the torsional resistance of the 
prism brings them to rest, after which they will reverse their movement, and 
an oscillation will result The conditions of the oscillation may easily be inves- 
tigated if the prism is so small that its mass may be neglected. 

For, equation (200) readily gives : 

P = (aa) 

from which it appears that the torsional force P varies as the space {oa) over 
which it moves. 

It is a principle of mechanics that the moving force varies directly as the 
product of the moving mass multiplied by the acceleration. Hence, itx = (oa), 
the variable space, and t = the variable time, and M = the mass moved, and 
observing that t and x are inverse functions of each other, and the above prin- 
ciple of mechanics gives the following equation : — 

Tur ^^ - T> _ *Qr* 

^■^ ^^-~""2to^*- 

Multiplying both members by the dx^ gives 

W dxd^ ir(3r* 



g dt^ 2Za« 



xdXj 



where W is the weight of the mass moved, and g is the acceleration due to 
gravity. The oscillations commence at the extremity of an arc whose length 
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is 8, at which point the yelocily is zero. The integral of the last equation 
between the limits s and x is 

A second integral gives 






rWfoj' 



2G5T* 

which is the time of half an oscillation. For a whole oscillation : 



This is essentially the theory of Ck>nlomVs torsion pendulum. A torsion 
pendulum was used by Cavendish in 1778 to determine the density of the 
earth. (See Boyal P7iHo9opMcal IVansactums : London, VoL 18, p. 388.) He 
found the mean density of the earth by this method to be 5.48 times that of 
water. This is considered t^ie most reliable of all the known methods, but 
the resuUs of other methods exceed the value given above by a small amount 
only, thereby confirming this result and showing that the mean density of the 
earth is about 5^ times that of water. 

1 63. BUPTURB BY TORSiaN. — The resistance which a bar 
ofFers to a twisting force is a torsional shearing resistance, and 
in regard to rupture, the equation of equilibrium is founded 
upon the following principles : — 

Ist. The strain upon any fibre varies directly as its distance 
from the axis of torsion ; and, 

2d. The sum of the moments of resistances of the fibres 
equals the sum of the moments of the twisting forces. 

Let S = the modulus of torsion, that is, the ultimate resist- 
ance to torsion of a unit of the transverse section which is 
most remote from the axis of torsion. It is the ultimate shear- 
ing resistance to torsion, but may be used for any shearing strain 
which is less than the ultimate, 

di = the distance of the most remote fibre from the axis of 
torsion, 

y (Pj (t>) = the equation of the section, 

P = the twisting force, and 

a ±= the lever arm of P. 

Ip = the polar moment of inertia of a section. 

Then pdpd^ = dK = the area of an element of the section ; 
13 
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Spdpdif) = the Bhearing strain of the most re- 
mote element ; and, by the first prin- 
o ciple given above, 

—pdpd<f> = the shearing strain of any element, 
^ which is at a imit's distance from the 

axis of torsion, according to the first 
principle above ; and from the same 
Q principle we have • . 

— p^dpd^ == the shearing strain of any element, 
^» and this, multiplied by the distance of 

the element, p, from the axis, gives 

S 

— p*dpd^ = the moment of resistance to torsion. 

di 
Hence, according to the second principle we have 

p« = liy^'^^^ = l/''''^^- = I ^-^ - ^'''^ 

For circular sections, we have already found, Eq. (199), 

For square sections, whose sides are 5, we may find * 

Ip = ^ h\ and di =b V^. 

164. PRACTicAii FOBMU LAS. —-Equations (199) and (201) 
give for cylindrical pieces, observing that di = r, 

Pa = j7rS/.'.S = ?-^. (202) 

If cylindrical pieces are twisted off by forces which form a 
cowplcy and P, a, and r measured, the value of S may be found 
from equation (202). Cauchy found S = |- R,t which is con- 
sidered sufficiently exact when a proper coefficient of safety is 
used. Calling S = 25,000 pounds for iron, and using about a 



* We have A A = f{jx^+y'\ dX = A VA + /^"(?A, that is, the polar 

moment equals the Riun of the rectangular moments, the origin being the same 
in both cases. In this case the origin being at the centre of the square, we 

have f aj'efA =fy'dk .\lp = ^Jy^dk = 2 x h^* (see Eq. (33) ). 
f Besum^ des Lemons, Navier. Fans, 1856, pp. 193-203, and p. 507. 
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five-fold security ; and S = 8,000 pounds for wood, and using 
about a ten-fold security, and we may use for 

Round ibon shafts (wrought 

or cast), diameter = ^jf^Ya 

Square ikon shafts (wrought j^: 

or cast), side of the square = ^^Pct 

Square wooden shafts, 

side of the squares = ^ ^Ya. 

The dimensions given by these formulas are unnecessarily 
large for a steady strain, but shafts are frequently subjected to 
sudden strains, amounting sometimes to a shock, and in these 
cases the results are none too large. 

Practical formulas may also be established on the condition 
that the total angle of torsion shall not exceed a certain 
amount. Making G = f E, and solving (200) in reference to r, 
and we have for cylindrical shafts. 



^- ./16Pai 



=</■■ 



37r£flf 
and similarly for square shafts, 



j^ ./ 16 Yal 
V E- 

In these expressions P should not be so great as to impair 
the elasticity,-r-say for a steady strain P should not exceed the 
values given by equation (203). 

If «j** is given in degrees, it is reduced to arc by multiplying 

TT IT 

\% by —^jr so that « = -t7:«° ; hence the preceding equations be- 
loO 180 

come : for cylindrical iron shafts, 



r = 3.l4yjL^; (204) 

« 

and for square iron shafts, 

t?= 5.51 */Zfi. (205) 



Examples — 1. A round iron ahaft fifteen feet long, is acted npon bj k . 
weight P = 2,000 lbs. applied at the oircamference of a wheel which is on the ; 
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shaft, the diameter of the wheel being two feet ; what must be the diameter 
of the shaft so that the total angle of torsion shall be 2 degrees ? 
If the shaft is cast-iron E = 16,000,000, and 



= d = 6.28*/- 



^^« .72000x12x15x12 .^^. , 
2/. = d = 6.28^ V 2^16,000,000 " = ^'^^ "^*^^*^ 



2. A ronnd wooden shaft, whose length is 8 feet, is attached to a wheel 
whose diameter is 8 feet. A force of 200 pounds is applied at the circumfer- 
ence of the wheel, what must be the diameter of the shaft so that the total 
angle of torsion shall not exceed 2 degrees ? 



2r = d = 6.28 .4/ V ..^^v/^^ ^r-^ ='4.35 inches. 



2 00x4x12x 8x12 
2 y 2,00p00 



For further information upon this subject see ^^ Resistance des Materiaux," 
Navier ; Paris, 1856, pp. 237-^09, and the exhaustive articles of Chevandier 
and Wertheim in ^^ Annales des Ghemie et Physique," Vol. XL. and Vol. L. 

165, RBSUIiTS OF WERTKBint'S BXPBRI9EENTS. — ^A feW 

years since M. G. Wertheim presented to the French Academie 
des Sciences an exhaustive paper upon the subject of torsion, the 
substance of which was published in the Annales de Chimie et 
de Physique^ Yol. XXIII., Ist Series, and Vol. L., 3d Series. 
These articles would make a volume by themselves, and hence 
we will content ourselves at this time with presenting his 

CONCLUSIONS. 

V 

When a body of three dimensions is subject to torsion the 
following facts are observed : — 

1st. The torsion angle will consist of two parts, one tempo- 
rary, the other permanent ; the latter augments continually, 
though not regularly. 

2d. The temporary displacements augment more and more 
rapidly than the moments of tlie applied couples, and the increase 
of the mean angle, which in hard bodies continues until rup- 
ture, in soft bodies continues only to the point where the body 
commences to suffer rapid and continuous deformation. 

3d. The temporary angles are not rigorously proportional to 
the length, and, all else being equal, the disproportionality in- 
creases in measure as the bar becomes shorter. 

4th. In all homogeneous bodies, torsion caused a diminution 
of the volume, which is proportional to the length and square 
of the angle of torsion, and each point of the body, instead of 
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describing an arc of a circle, follows the arc of a spiral. The 
condensation of the body increases from the centre to the cir- 
cumference. 

6 th. In bodies with three angles of elasticity, the change of 
volume and resistance to torsion are functions of the three axes, 
and the relation between them may be such that the volume 
will augment. 

6th. Circular or turning vibrations of great amplitude are 
diflScult to produce, and as small angles of torsion only are used, 
the preceding conclusions apply to this case. 

7th. Eupture produced by torsion usually takes place at the 
middle of the length of the prism ; it commences at the dan- 
gerous points, and operates by slipping in hard bodies and by 
elongation in soft ones. 

8th. With regard to the influence of the figure and absolute 
dimensions of the transverse sections of the bodies, we derive 
the following conclusions : — 

9th. In homogeneous circular cylinders the diminution of the 
volume is equal to the original volume multiplied by the prod- 
uct of the square of the radius, and the angle of torsion for a 
unit of length (the angle being always very small). Further, 
under torsion the radius of the cylinder equals the primitive 
radius multiplied by the sine of the angle of inclination of the 
helicoidal fibres. This last gives a means of calculating the 
diminution of volume. But in reality the twisted cylinder 
takes the form of two frustra of cones joined at the smaller 
bases; and although this does not sensibly affect the theoretical 
I'esults for long cylinders, yet it deprives our formulas of all 
their value in ordinary practical cases. 
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CHAPTER IX. 

> ■ 

EFFECT OF LONG-CONTINUED STRAINS— OF OFT-REPEATED 
STRAINS, AND OF SHOCKS— REMARKS UPON THE CRYSTAL- 
LIZATION OF IRON. 

EFFECT OF LONG-CONTINUED STRAINS. 

166, GBNBRAi* EFFECT. — The valucs of the coefficients of 
elasticity and the modnlii of tenacity, crushing, and of rupture 
were determined from strains which were continued for a short 
time — ^generally only a few minutes — or until equilibrium was 
apparently established ; and 'yet it is well known that if the 
strain is severe, the distorsion, whether for extension, compres- 
sion, or bending, will increase for a long time ; and as for rup- 
ture, it always takes ^ time to break a piece, however suddenly 
rupture may be produced. By sudden rupture we only mean 
that it is produced in a very short time. 

The increased' elongation due to a prolonged duration of the 
strain beyond a few minutes, will affect the coefficient of elas-- 
ticity but very slightly, for the strains which are used in deter- 
mining it are always comparatively small, and the greater part 
of the effect is produced immediately after the stress is applied. 
Still, if the distortion should go on indefinitely, no matter how 
slowly, the elasticity, and hence the coefficient, would be greatly 
modified by a very great duration of the stress, however small 
the stress may be ; and at last rupture would take place. If the 
basis of this reasoning be well founded, we might reasonably 
fear the ultimate stability of all structures, ^.nd especially those 
in which there are members subjected to tension. But the con- 
tinued stability of structures which have stood for centuries, 
teaches us, practically at lea^ty that in all cases in which the 
strain is not too severe, equilibrium is established in a short 
time between the stresses and strains, and in such- cases the 
piece will sustain the stress for an indefinitely long time. 
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167. BEOBGKiNSON's EXPBRURnBif Ts. — The results of the 
experiments which are recorded in Article XL., page 48, show 
that in one case the compression increased with the duration of 
the strain for three-f omlhs of an hour. In the case of exten- 
sion on another bar, as shown in Article VII., page 7, it ap- 
pears that the same weight produced an increased elongation 
for nine hours ; but during the last, or tenth hour, there was no 
increase over that at the end of the ninth hour. 

In both these cases the strain was more than one-half that of 
the ultimate strength. 

168. vicAT's KXPKHiMKNTS. — M. Vicat took wrought- 
iron wire and subjected it to an uniform stress for thirty-three 
months. The elongations produced by the several weights were 
measured soon after the weights were applied, and total lengths 
determined from time to time during the thirty-three months. 
It was foimd for all but the first wire, as given in the following 
table, that the increased elongations after the first one were 
very nearly proportional to the duration of the stress. (Annales 
de Chemie et Physique^ Vol. 54, ^d series^ 



TABLE 
Of the BesvUs of M, YieaVs ExpmmenU <m Wrought-iron Wire. 



Amount of Strain. 



i of its nltimate tensile strain. . . 
i of its ultimate tensile strain. .. 
^ of its ultimate tensile strain. .. 
f of its tiltimate tensUe strain. .. 



a> a> g 
5 ^ .2 

^ ^ ^ 
III 

• ^ g e 
III 



Increased Elongation after 88 
months. 



No additional increase. 
0.027 of an inch per foot. 
0.040 of an inch per foot 
0.061 of an inch i>er foot. 



160. FAiRBAiRN's BXPBRIMSNT8. — Fairbaim made eit- 
periments upon several bars of iron, which were subjected to a 
transverse strain, the results of some of which are recorded in 
the following tables. {See Cast and Wrought-iron^ hy Wm. 
Fairbai/m.) The bars were four feet six inches between the 
supports, and weights were applied at the middle, and permitted 
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to remain there several years, as indicated by the tables. The 
deflections were noted from time to time, and the results were 
recorded. 



TABLE L 
In whieh the Weight Applied teas 336 pounds. 



TElfPERATDBB. 



78" 
68" 



I 
I 

o 

I 



I 



March 11, 1837. . . 

June 3, 1838 

Julys, 1839 

June 6, 1840 

November 22, 1841 
Aprill9, 1842 . . . . 

Mean 



. 


i 


1-9 


is 


II 


ot-bl 
tion 


"" 


» 


1.270 


1.461 


1.316 


1.538 


1.305 


1.533 


1.303 


1.620 


1.306 


1.620 


1.308 


1.620 


1.301 


. 1.548 



5g» 
ll 






& 



Cold-blast, 
0.661 : 1 

Hot-blast 
0.694 : 1 



Previous to taking the observations in November and April 
the hot-blast bar had been disturbed. 

In regard to this experiment Mr. Fairbaim remarks : — " The 
above experiments show a progressive increase in the deflec- 
tions of the cold-blast bar during a period of flve years of 0.031 
of an inch, and of 0.087 of the hot-blast bar." The numerical 
results are found by comparing the first • deflection with the 
mean of all the observed deflections. But an examination of 
the table shows that the greatest deflection, which was ob- 
served in both cases, was at the second observatix)n, which was 
about a year and a quarter after the weight was applied, and 
during the next two years the deflections decreased 0.015 of an 
inch for the cold-blast, and 0.018 of an inch for the hot-blast 
bar. After this the deflections appear to increase for the cold- 
blast bar 0.005 of an inch the next two years. Considering all 
the particulars of these experiments it does not seem safe to 
conclude that the deflections would go on increasing indeflnitely 
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with a continuance of the load. Admitting that the small in 
crease of deflections during the last two years are correct and 
not due to errors of obsen^ation, and we see no reason why the 
deflections would not be as likely to decrease after a time as 
they were after the first year. 



TABLE IL 
In wJdch the Ba/r wob Loaded mth 392 pounds. 




78' 
61° 
58° 



March 6, 1837 

June 33, 1838 

Julys, 1839 

June 6, 1840 

November 33, 1841 . 
April 19,1843 

Mean 



1 

1.684 


1.715 


1.834 


1.803 


1.834 


1.798 


1.835 


1.798 


1.839 


1.804 


1,838 


1.813 


1.803 


1.788 



For cold-blast, 

0.771:1 
For hot-blast, 

0.805 : 1 



Here we see a general increase in the deflections from year 
to year, being very regular in the cold blast, and quite irregular 
in the hot blast. But we observe that the increase is exceed- 
ingly small after the first year, being only 0.004 of an inch in 
the cold blast bar, and 0.009 of an inch in the other. 
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TABLE ni. 



TEMPERATURB. 



78' 
72" 

er 

60'' 

58' 



March 6, 1837 

June 23, 1838 

July 5, 1839 

June 6, 1840 

November 22, 1841. 
April 19,1842 

Mean. . ^ 



II 


• Hot-Mart,— deflec- 
tion in inches. 


1.410 
1.457 
1.446 
1.445 
1.449 
1.449 


Broke imme- 
diately with 448 
pounds. 


1.442 





PI 



Cold-blast. 
0.881 : 1 



We find from this table, asi from Table L, that the maximum 
deflection was observed about a year and a quarter after the 
weight was applied, and that it decreased during the next two 
years, after which it slightly increased. The deflections were 
the same at the two last observations. These changes took 
place under the severe strain of more than four-fifths of the 
breaking weight. These experiments indicate that for a steady 
strain which is less than three-fourths of the ultimate strength 
of the bar, the defiection will not increase progressively until 
rupture takes place, but will be confined within small limits. 

lyO, ROBBLiNG's OBSERVATIONS. — The old Mouongahela 
bridge in Pennsylvania, after thirty years of severe service, was 
removed to make place for a new structure. The iron which 
was taken from the old structure was carefully examined and 
tested by Mr. Roebling, and found to be in such good condition 
that it was introduced by him into the new bridge.* 

He also found that the iron in another bridge over the Alle- 
ghany river was in good condition after forty-one years of 
service. 



*Boebling^s Beport on the Niagara Bailroad Bridge, 1860, p. 17; Jour. 
Frank. Inst., 1860, Vol LXX., p. 361. 
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OFT-BEPEATED STRAINS. 

Nearly all kinds of structures are subjected to greater strains 
at certain times than at others, and some structures, as bridges 
and certain machines, are subject to almost constant changes in 
the strains. Loads are put on and removed, and the operation 
constantly repeated. The only experiments to which we can 
refer for detennining the effect of a load which is placed upon 
a bar and then removed, and the operation of which was fre- 
quently repeated, are those of 
Wra. Fairbaim, made in I860.* 
The beam was supported at its 
ends, and the weight which pro- 
duced the strain was raised "and 
lowered by means of a crank and 
pitman, as shown in Fig. 110. 

The gearing was connected 
with a water-wheel, which was 
kept in motion day and night, 
and the number of changes of 
the load were registered by an automatic counter. The beam 
was 20 feet clear span and 16 inches deep. The dimensions of 
the cross section were as follows : — 




rig. 110. 



Top— Plate, 4 X i= 2.00 sq. inches 

Angle irons, 2 x 2 x VV= • • • 2.30 « " 

Bottom— Plate, 4 x i= 2.00 " '' 

Angle Irons, 2 x2xy»^= 1.40 " " 
Web— Plate, 15ixi= 1.90 " " 



6C 



Total 8.60 " 

Weight of beam, 1 cwt. 3 qr. 3 lbs. 
Probable breaking weight, 9.6 tons. 

jFtrst Eotyperiment, — Beam loaded to \ the breaking weight :- 

Total applied load 5,809 lbs. 

Half the weight of the beam 434 " 

Strain on the bottom flange.. . 4.3 tons per sq. inch. 

Margin of strength by Board of 

Trade 3.4 



♦ Civ. Eng. and Arch. Jour., Vol. XXIII., p. 257, and Vol XXIV., p. 237. 
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TABLE 

Of the BeauUa of Experiments made upon a Beam which was Supported at its 

Ends, and a Weight repeatedly/ but graduaUy AppUed at the Middle. 



DATE. 



1860. 

March 21..., 

22. . . . 



April 



23. 
24. 
26. 
27. 
28. 
29. 
30. 
31. 

2. 

4. 

7. 
10. 



10,540 

15,610 

27,840 

46,100 

57,790 

72,440 

85,960 

97,420 

112,810 

144,350 

165,710 

202,890 

235,811 



18S 



1 






0.17 
0.18 
0.16 

• • • • 

0.16 
0.17 
0.17 
0.17 
0.17 
0.17 
0.16 
0.18 
0.17 
0.17 



DATE. 



1860. 
April 13.... 
14. . . . 
17.... 
20. . . . 
25.... 
• 27.... 
28.... 
1.... 



May 



3 
5. 

7. 

9. 
11. 
14. 



I 



268,328 

281,210 

321,015, 

343,880 

390,430 

408,264 

417,940 

449,280 

468,600 

489,769 

512,181 

536,355 

560,529 

596.790 



S ID 



0.17 
0.17 
0.17 
0.17 
0.16 
0.16 
0.16 
0.16 
0.16 
0.16 
0.16 
0.16 
0.16 
0.16 



At this point, after half a million of changes, the beam did 
not appear to be damaged. At first it took a permanent set of 
0.01 of an inch, which did not appear to increase afterwards, 
and the mean deflection for the last changes was less than for 
the first. For the last seventeen days the deflection was uni- 
form, but for the first seventeen days it was variable. 

The moving load was now increased to one-third the break- 
ing weight, = 7,406 lbs., with the following results : — 



DATE. 



I 

a 



I' 



1860. 



May 14. 

15. 

J7. 

19. 

22. 

26. 

29. 

31. 
June 4. 



12,623 

36,417 

53,770 

85,820 

128,300 

161,500 

177,000 

194,600 



I 

I 



0.22 
0.22 
0.22 
0.21 
0.22 
0.22 
0.22 
0.22 
0.21 



DATE. 



June 7. 
9 
12 
16. 
21, 
23. 
25. 
26. 



1860. 



'g 


• 
B 


S' 


a 


& 


M 


g 


S 


!_, 


g 


•Si 


1 


A n 




1 


ft 


217,300 




236,460 


0.21 


264,220 


0.21 


292,600 


0.21 


327,000 


0.22 


350,000 


0.23 


375,650 


0.25 


403,210 


0.23 




0.23 



The beam had now received 1,000,000 changes of the load, 
but it remained uninjured. The moving load was now in- 
creased to 10,050 Iba, — or one-half the breaiing weight — and it 
broke with 5,175 changes. The beam was then repaired bj- 
riveting a piece on the lower flange, bo that the sectional area 
was the same as before, and the experiment was continued. 
One hundred and lifty-eight changes were made with a load 
equal to one-half the breaking weight ; and the load was then 
reduced to two-fifths the breaking weight, and 25,900 changes 
made. Lastly, the load was reduced to one-third the breaking 
weight, with the following resnlts : — 
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The piece had now received nearly 4,000,000 changes in all, 
but tlie 2,727,000 changes after it was once broken and re- 
paired did not injure it The changes were not very rapid. 
During the first experiment they averaged about 11,000 per 
day, or less tlian eight per minute, and during the last experi- 
ment the highest rate of change appears to have been less than 



206 THE BESISTANOt 07 MATERIALS. 

eleven per minute, which is very slow compared with the stroke 
of some machines. Tilting-hammers often run from ten to 
twenty times this speed. 



SHOOK — CEYSTALLIZAnON. 

171, SHOCKS. — When a weight is applied to another body 
svdderdy it produces a " shock " upon the materials which com- 
pose the bodies. We cannot, practically, tell how frequently or 
^vith what force bodies must come in contact with each other in 
order to produce, a " shock ; " but theoretically any small body 
which is suddenly arrested in its movement, or suddenly devi- 
ated in its course by another body, produces a shock. Mass is 
necessary to the production of a shock, and the masses must im- 
pinge upon each other. If a force could manifest itself inde- 
pendent of matter, arresting the movement oi it, however sud- 
denly, by another fdrce^ would not produce a shock. Also, 
changing the movement of a mass by such a foroe^ however 
sudden, will not produce a shock. These ideas are approxi- 
mately realized in the movements of steam, air, and other gases. 
Steam impinges against air without producing shock, practically 
speaking. A moving piston (in some machines) is brought to 
rest by the reaction of steam, or by a steam cushion, without 
producing shock. The alternate expansions and contractions of 
a piston-rod, or pitman, or other similar piece in steam machin- 
ery, which are caused by the alternate pull and push of the 
moving force, do not produce a shock. The pieces may be 
" shocked " on account of working with loose connections, but 
that cause is not here consid9red. In the fii*st example above 
cited there is very little mass in the moving or resisting bodies ; 
in the next one the motion of the moving mass is changed, and 
may be brought quite suddenly to rest by the action of a highly 
elastic medium which has but little mass ; and in the last exam- 
ple the particles are contiguous and are only slightly moved in 
reference to each other, as the forces of extension and compres- 
sion are transmitted through the bar. The particles are not 
permanently displaced in reference to each other, as they are 
liable to be by a blow or " shock." 

Shocks are practically prevented in many cases by the 



TOESION. 207 

introduction of elastic substances which possess considerable 
mass. Thus steel, rubber, and wooden springs in vehicles and 
in certain machines are familiar examples. But elasticity alone 
is not a suflScient protection, for, as has been previously observed, 
all bodies are elastic. When masses are used for springs they 
must be so arranged as to operate through a perceptible space 
in bringing the moving body to rest, or in changing its velocity 
a perceptible amount. 

Springs, however elastic, will not always prevent a shock, al- 
though they may greatly relieve it. Thus, the springs under a 
car will not prevent the shock which always follows when the 
car-wheel atrikea the end of a rail, although the shock is not as 
severe as it would be if the body of the car were rigidly con- 
nected with the axle. So, too, the springs between the buffers 
on a car and the body of the car will not prevent one bufPer 
striking another so as to produce a " shock." In these cases the 
springs may prevent the shock from being transmitted in a 
large degree to the body of the car. The springs in certain 
forge-hammers operate in a similar way to prevent a " shock " 
upon the working parts of the machinery. 

" Shocks " are very injurious to machinery, and hence should, 
«o far as possible, be avoided. All machines in which " shocks " 
are necessary, or incidental, or accidental, such as steam forge- 
hammers, morticing machines, stone-drilling machines, and the 
like, are much more liable to break than those that operate by 
a steady pull and push. Metals are so liable to break under 
such circumstances that many have supposed that the internal 
structure is changed, and the metal becomes more or less crys- 
tallized. 

The strength of the metal which is subjected to shocks is also 
greatly modified hy the tendperature — the lower the temperature 
the more damaging is the shoch It has been shown in Article 
29, that wrought iron is somewhat stronger at a low tempera- 
ture under a steady strain than at a higher temperature. Not- 
withstanding this is contrary to the " popular notion," it has 
been further confirmed by the very careful experiments of the 
" Committee appointed by His Majesty the King of Sweden," 
and reported by Knut Styffe, Director of the Royal Technolog- 
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ical Institute of Stockholm.* Their first conclusion was : — f 
" The absolute strength (tenacity) of iron and steel is not dimin- 
ished by cold, but that even at the lowest temperature which 
ever occurs in Sweden, it is at least as great as at the ordinary 
temperature — or 60° Fahr." 

These results are confinned by the more recent experiments 
of Joule of England, and by several other experimenters. 

But it is generally supposed that machinery, railroad iron, 
tyres on locomotives, and tools, break much more frequently 
with the same usage when very cold than they do when warm. 
Is this a mere notion ? 

Is it because breakages are more annoying in cold than in 
warm weather, and hence make a more lasting impression upon 
the minds of those who have to deal with them ; so that they 
think they occur more frequently ? Impressions are not safe 
guides in scientific investigations. Our observations on the use of 
out-door machinery in cold and warm weather lead us to believe 
that they do break much more frequentl}'^ with the same usage 
in winter than in summer. The same fact, in regard to the 
breaking of rails on railroads, was admitted "by Styfle ; but 
alter arrivincr at the conclusion which he did in reojard to the 
effect of cold upon the absolute strength of iron, he concluded 
that the cause of the more frequent breakages was due to the 
more rigid and non-elastic foundation caused by the frozen 
ground. But Sandberg, the translator of Styffe's work, thought 
that iron when subjected to shocks might not give the same 
relative strength at different temperatures that it would when 
subjected to a steady strain. He therefore instituted another 
series of experiments to satisfy himself upon this important 
point, and aid in solving the problem. The following is an 
abstract of his report : — 

The supports for the rails in the experiments were two large 
granite blocks which rested upon granite rocks in their native 
bed. The rails were supported near their ends on these blocks. 
They were broken by a ball which weighed 9 cwt., which was 
permitted to fall five feet the first blow, and the height increased 



* The Elasticity, Extensibility, and Tensile Strength of Iron and SteeL By 
Ennt Styffe. Translated by Christer P. Sandbei)gf, London. 
t Ibid., p. 111. 
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one foot at each succeeding fall, and the deflection measured 
after each impact. A small piece of wrought iron was placed 
on the top of each rail to receive the blow, so as to concentrate 
its eflect. 

The rail was thus broken into two halves, and each part was 
afterwards broken at different temperatures. As the experi- 
ments were not made till the latter part of the winter, the 
lowest temperature secured was only 10° Fahr. Fourteen rails 
were tested: — Seven of which were from Wales; five from 
France ; and two from Belgium. From these the experimenter 
dre^w the following conclusions : — * 

1. " That for such iron as is usually employed for rails in the 
three principal rail-making countries (Wales, France, and Bel- 
gium), the breaking strain, as tested hy sudden blows or shocks^ 
is considerably influenced by cold ; such iron exhibiting at 10® 
F., only one-third to one-fourth of the strength which it pos- 
sesses at 84° F. 

2. " That the ductility and flexibility of such iron is also 
much affected by cold, rails broken at 10° F. showing on an av- 
erage a permanent deflection of less than one iirtjh, whilst the 
other halves of the same rails, broken at 84^ F., showed less than 
four' inches before fracture." 

This seems to be the fairest and most conclusive experiment 
upon this point that we have met with, but it is not satisfactory 
to all, or else they are ignorant of the experiment, for there has 
been of late considerable discussion upon the subject in the 
scientific journals. Some take the experiments of Fairbairn 
and Joule as conclusive upon the point, and attribute the cause 
of the failures, in many cases, to an inferiority of the iron, and 
in the case of tyres to an over-stretching of the metal when it 
is put on the wheel. By many, the presence of phosporous 
is considered especially detrimental to iron which is subject- 
ed to shocks in cold weather; But until the fact is estab- 
lished that cold iron is weaker than warm iron, when subjected 
to shocks, it is worse than useless to speculate upon the cause. 
More experiments are needed on this point, in which the quality 
of the metal, and all the conditions of the experiipents should be 
definitely known. 

* Btyfte^B work on iron and steel, translated by Sandbeig, p. 157. 

14 
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continued shocks will change fibrous to crystalline iron. Opin- 
ions, however, are divided upon this subject. In view of the 
immense amount of machinery and other constructions, parts of 
which are constantly subjected to shocks, the importance of the 
subject can hardly be overestimated. 

William Tairbairn says: — * "We know that in some cases 
wrought iron subjected to continuous vibration assumes a crys- 
talline structure, and that then the cohesive powers are much 
deteriorated ; but we are ignorant of the causes of this change." 

The late Robert Stephenson f referred to a beam of a Cor- 
nish engine which received a shock eight or ten times a minute, 
equal to about fifty tons, for a period of twenty years without 
apparent change. These shocks were not very frequent, and 
would not be considered afe detrimental as if they occurred a 
few times each second. He also says : — " The connecting-rod of a 
certain locomotive engine that had run 50,000 miles, and re- 
ceived a violent jar eight times per second, or 25,000,000 vibra- 
tions, exhibited no alteration." In all the cases investigated by 
him of supposed change of texture, he kliew of no single in- 
stance where the reasoning was not defective in some important 
link. These are not fair examples of shocks, as the vibratioiiB 
referred to seem to be only changes from tension to compression, 
and the reverse. 

Mr. Brunei accepted the theory of molecular change, for a 
time, as due to shocks, but afterwards expressed great doubts 
as to its correctness, and thought that the appearance depended 
more upon the manner of breaking the metal than upon any 
molecular change. 

Fairbairn has speculated a little upon the probable cause of 
the internal change when it takes place. In his evidence before 
, ths Commissioners cyppointed to inquire into the application 
of iron to railway structures^ he says : — ^^ As regards iron it is 
evident that the application and abstraction of heat operates 
more powerfully in effecting these changes than probably any 
other agency ; and I am inclined to think that we attribute too 
much influence to percussion and vibration, and neglect more 
obvious causes which are frequently in operation to produce 

♦ Civ, Eng, cmd Arch, Jour,, vol. iii p. 257. 
f Am, B, Times, March 6, 1869, Boston. 
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the change. For example, if we take a bar of iron and heat it 
red hot, and then plunge it into water, it is at once converted 
into a crystallized instead of a fibrous body ; and by repeating 
this process a few times, any description of malleable iron may 
be changed from a fibrous to a crystalline structure. Vibration, 
when produced by the blows of a hammer or similar causes, 
such as the percussive action upon railway axles, I am willing 
to admit is considerable; but 1 am not prepared to accede to 
the almost universal opinion that granulation is produced by 
those causes only. I am inclined to think that the injury done 
to the body is produced by the weight of the blow, and not by 
the vibration caused by it. If we beat a bar with a small ham- 
mer, little or no effect is produced ; but the blows of a heavy 
one, which will shake the piece to the centre, will probably give 
the key to the cause which renders it hrittUj but probably not 
that which causes crystaUization. The fact is, in my opinion, 
we cannot change a body composed of a fibrous texture to that 
of a crystalline character by a mechanical process, except only 
in those cases where percussion is carried to the extent of pro- 
ducing considerable increase of temperature. We may, how- 
ever, shorten the fibres by continual bending, and thus render 
the parts brittle, but certainly not change the parts which were 
originally fibrous into crystals. 

For example, take the axle of a car or locomotive engine, 
which, when heavily loaded and moving with a high velocity, 
is severely shocked at every slight inequality of the rails. If, 
under these circumstances, the axle bends — ^however slightly — it 
is evident that if this bending be continued through many 
thousand changes, time only will determine when it will break. 
Could we, however, suppose the axle so infinitely rigid as to re- 
sist the effects of percussion, it would then follow that the in- 
ternal structure of the iron will not be injured, nor could the 
assumed process of crystallization take place." 

The late John A. Eoebling, the designer and constructor of 
the Niagara Railway Suspension Bridge, in his report on that 
structure in I860,* says he has given attention to this subject 
for years, and as the result of his observation, study, and experi- 
ment, gives as his view that " a molecular change, or so-called 

♦ Jov/r, Frank, Inst., vol xl., 3d series, p. 861. 
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granulation or crystalMzation^ in coriseqnence -of vibration or 
tension, or both combined, has in no instance been satisfactorily 
proved or demonstrated by experiment." " I further insist that 
crystallization in iron or any other metal can never take place in 
a cold state. To form crystals at all, the metal must be in a 
highly heated or nearly molten state." Notwithstanding these 
positive statements, he still hesitates to express a decided opinion 
which will cover the whole fijeld of investigation. Still further 
on he states that he is witnessing the fact daily that vibration 
and tension combined will greatly affect the strength of iron 
without changing itsjihrous texture. Wire ropes and iron bars 
will become weakened as the vibration and tension to which they 
are subjected increase. 

Certain machines in which the working parts are subjected 
to frequent shocks, more or less severe, are constantly failing, 
and the general impression is that the failure is due to crystal- 
lization.^ In speaking of the rock-drilling engines used in 
Hoosac Tunnel, Mass., which were driven by compressed air, 
the committee say : * — " Gradually they begin to fail in strength ; 
the incessant and rapid blows — counted by millions — to which 
they are subjected, appearing to granulate or disimtegrate por- 
tions of the metals composing them." Having had some experi- 
ence with this class of machines, I know something of the diffi- 
culties which surround them.f During the winter of 1866-7 
mv assistant in the Universitv, Professor S. W. Robinson, and 
myself made several experimental machines, in the use of which 
we learned many essential conditions which must be observed 
In order to avoid frequent breakages in the use of iron which 
is subjected to frequent and long-continued shocks." As first 
designed, the breakages in the several working parts were ex- 
ceedingly numerous, the remedy for which was not in making 
those parts larger and stronger, for that only aggravated the 
evil in most cases, but in arranging the moving parts so that 
they would be moved and brought to rest with as little shock as 
possible, and then making them as light as possible consistent 



* ATiTmn.1 Report of the Commissioners on the Troy and Greenfield Bailroad 
and Hoosac TonneL House Doc, No. 30, p. 5, Boston, Mass. 

t Notice of, by B. H, Latrobe, C. E. Sen. Doc. No. 20, 1868, p. 31, Boston, 

JUtLnCSDw 
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with strength. But at the rapid rate at which we ran them, 
which was from 300 to over 500 blows per minute, it was not 
easy to comply with these conditions. No especial difficulty 
was experienced from the general shock caused by the striking 
of the tool upon the rock ; but the chief difficulty arose from 
the blow or shock to which the working pieces were directly 
subjected in operating them. At last, however, according to 
the report of the superintendent of the Marmora Iron Mine, 
Ont., at which place they have been in use for some time, we so 
far overcame all the difficulties as to make it a decidedly prac- 
tical machine. In the experiments we found that it was a bad 
condition to subject a piece to a blow crosswisie of its length ; 
that is, perpendicular to its length.* It was also found that a 
piece struck obliquely would sustain a much greater number of 
blows than if struck perpendicularly. Many pieces evidently 
broke slowly, and was analogous to breaking a piece of tough 
iron on an anvil by comparatively light blows. If the blows 
were so severe as to start a crack in the piece, it would ulti- 
mately break if the blows were continued sufficiently long. 
Several of the broken pieces were critically examined to see if 
they were crystallized, but there were no indications of any 
change in the internal structure of the metal. 

All Bharp angles in pieces which are shocked- should^ if pos- 
siblCyie a/voided/ for in the process of manufacture they are 
liable to be rendered weaker at such points, and if they are 
equally strong so far as manufacture is concerned, a greater 
strain, at the instant they are shocked, is liable to fall at such 
points, thus- rendering them relatively weaker there. ^At least 
it is found that such pieces are more liable to break at the 
angle. Hence, in the construction of direct-action rock-drills, 
direct-action steam-hammers, and similar percussion machines, 
the steam piston is not only generally made solid with the rod, 
but it is connected with it by a curve. In other words, the rod 
is more or less gradually enlarged into a piston. At first, much 
difficulty was experienced in this regard with steam-hammers, 

* I haYe seen it published that a small hammer ^i^as made ^o strike a blow 
upon the side of a bar which was suspended vertically, the blows being repeated 
night and day for nearly a year, when the bar broke ; but as the force of the 
blow and size of the bar were not given, I have thought that the statement 
was too indefinite to be of any scientific value. 
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for in some cases tlie piston broke away from the rod, and 
slipped down over it 

In certain steam forge-liammerB the piston-rod is hable to 
break where it joins the hammer. In this case the worst pos- 
sible arrangement is to make a rigid connection between the 
hammer and rod. The author once saw a rod three and one- 
half inches in diameter nicely fitted into a conical hole in a 400- 
pound hammer, the taper of the rod and hole being slight, so 
that it would hold by friction when once driven into place. 
The connection was practically rigid. The rod broke twice with 
ordinary use inside of twenty days. Probably it would have 
lasted a long time if the blow could always liave been exactly 
central ; but in ordinaiy use it would very naturally be sub- 
jected to cross strains by making a blow .when the material was 
under one edge of the hammer. By a repetition of these cross 
strains, rupture might have been produced without any oystal- 
Uzation. 



This difficulty is practically overcome in several ways, one of 
the most common of which is to place blocks of wood or other 
slightly elastic body between the end of the piston-rod and the 
hammer. Morrison overcame the difficulty by making the rod 
so large that it (the rod) became the hammer, and a small block 
of iron or steel was fitted into the forward end of the rod to 
serve as a face for the hammer. 

A Mr. Webb, of England, proposed to overcome the difficidty 
hv a device which is shown in Fig. 112. 
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Eef erring to the figure, it will be seen that the piston-rod, 
which is for the main part of its length 4 in. in diameter, is en- 
larged at the lower end to 6f in. in diameter, and is shaped 
spherically. This spherical portion of the rod is embraced by 
tiie annealed steel castings, B B, which are secured in their 
place in the hammer-head by the cotters. A, and the whole 
thus forms a kind of ball-and-socket joint, which permits the 
hammer head to swivel slightly on the rod without straining 
the latter. Mr. Webb first applied this form of hammer-rod 
fastening to a five-ton Nasmyth hammer with a 4 in. rod. With 
the old mode of attachment, with a cheese end, this hammer 
broke a rod every th^e or four weeks when working steel, while 
a rod with the ball-and-socket joint, which was put in in No- 
vember, 1867, has been working ever since, that isj^to some time 
in 1869, without giving any trouble. The inventor has also ap- 
plied a rod thus fitted to a five-ton Thwaites and Carbutt's ham- 
mer with equal success. 

These examples seem to indicate that if iron is crystallized on 
account of shocks, the progress of the change may be slackened 
by a judicious arrangement of the pieces and by proper connec- 
tions. But it does not follow that because a metal breaks so 
frequently when subjected to shock, that it has become crystal- 
lized. It has been observed by those who have made the experi- 
ment, that a piece of bar iron which is broken by heavy blows, 
when the piece is so supported as to bound with each stroke, 
will present a crystalline fracture ; but if the same bar be broken 
by easy blows near ihepldce of the former fracture, it will pre- 
sent a fibrous texture ; showing that in the former case the in- 
ternal structure was not changed, unless it were in the immedi- 
ate vicinity of the fracture. In such cases the appearance of 
the surfa^ of ths fracture does not indicate the true state of 
the internal structure. One reason why metals fail which are 
subjected to concussions, without crystallizing, is ; — an excessive 
strain is brought upon some point, thus impairing the elasticity 
and weakening the resisting powers, in which case, if the strains 
be repeated sufliciently long, rupture must ultimately take place. 
Or, if the concussion be sufficiently severe and local, it may dis- 
place the particles, and thus begin a fracture. This frequently 
takes place in the case of anvils, hammers, hammer-blocks, and 
the like. 
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If a bar is bent by a blow suflSciently great to produce a set, and 
the bar be bent back by another blow, and so on, the bar being 
bent alternately to and fro, rupture would probably take place 
at some time, however remote. It is often diflScult to determine 
the strain which falls at a particular point of a piece when it is 
subjected to a shock, but if we could determine its exact amount, 
we might find it to be suflSciently large to account for rupture 
'by shocks, without considering any mysterious change in the 
internal structure of the metal. 

Note, Since the above was written, several articles have 
appeared in the scientific journals, giving the results of obser- 
vations and experiments upon the strength of iron at low tem- 
peratures, and they all confirm the position above stated, — ^that 
iron will not resist shocks as effectually at very low temperatures 
as it will at brdinaiy temperatures. 
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CHAPTEE X. 

LIMITS OF SAFE LOADING OF MECHANICAL STRUCTURES. 

173«— BISK AN]»8AFETir.-We have now considered the 
breaking-strength of materials under a variety of conditions, 
and also the changes produced upon them when the strains are 
within the elastic limits. In a mechanical structure, in which 
a single piece, or a combination of pieces, are required to sus- 
tain a load, it is desirable to know how small the piece, or the 
several pieces, may be made to sustain a given load safely for 
an indefinite time ; or, how much a given combination will sus- 
tain safdy. The nature of the problem is such that ian exact 
limit cannot be fixed. Materials which closely resemble each 
other do not possess exactly the same strength or stiffness ; and 
the conditions of the loading as to the amount or manner in 
which it is to be applied, may not be exactly complied with. 
Exactness, then, is not to be sought ; but it is necessary to find a 
limit below which, in reference to the structure, or above which, 
in reference to the load, it is not safe to pass. 

It is evident that to secure an economical use of the material 
on the one hand, and ample security against failure on the other, 
the limit should be as definitely determined as the nature of the 
problem will admit ; but in any case we should incline to the 
side of safety. No doubt should be left as to the stability 
of the structure. There is no eoohomy in risk in permanent 
structures. Eisk should be taken only in temporary, or experi- 
mental, structures ; or where risk cannot, fr6m the nature of 
the case, be avoided. 

174. ABSoiiUTE iiiomriiAs of safett — ^In former times, 
one of the^ principal elements which was used for securing 
safety in a structure, was to assume some arbitrary value for 
the resistance of the material,«such value being so small that 
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the material could, in the opinion of the engineer, safely sus- 
tain it. This is a convenient mode, but very unphilosophical, 
although still extensively used. The plan was to determine, as 
nearly as possible, what good materials would sustain for a long 
period, and use that value for all similar materials. But it is evi- 
dent, from what has been said in the preceding pages, that some 
materials will sustain a much larger load than the average, 
while others will not sustain nearly so much as the average. 
In all such cases the proper value erf the inodulds can only be 
determined by direct experiment. In all important structures 
the strength of the material, especially iron and steel, should be 
determined by direct experiment. 

The following values are generally assumed for the modulas 
of safety. 

I Pounds per square Inch. 

Wrought, iron for tension or eompremon, from 10,000 to 12,000 

Cast iron, for tertMoUy from , 3,000 to 4,000 

Cast ^ron, for compression^ from 15,000 to 30,000 

Wood, tension or compression^ from 850 to 1,200 

rgramte,from 400 to 1,200 

o^ . I quartz, from. .. , 1,200 to 2,000 

^^^^^'^^^'"^ jsiuid8tone,from. 300 to 600 

^limestone, from 800 to 1,200 

The practice of French engineers,* in the construction of 
bridges, is to allow 3.8 tons (gross) per inch upon the gross sec- 
tion, both for tension and compression of wrought iron. 

The Commissioners on Railroad Structures, England, estab- 
lished the rule that the maximum tensile strain upon any part 
of a wrought iron bridge should not exceed five tons ^ross) 
per square inch, f 

In most cases the elective section is the section which is sub- 
jected to the strain considered. 

17tS« FACTOR OF SAFETY, — ^Thc ucxt modc, and one which 
is also largely in use, is to take a fractional part of the ultimate 
strength of the material, for the limit of safety. The recipro- 
cal of this fraction is called the factor of safety. It is the ratio of 
the ultimate strength to the computed strain, and hence is the 



♦ Am. B. R. Times, 1871, p. 6. 

f Ciy. Eng. and Aroh. Jour. Vol. xziv., p. 327. 
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factor by which the compHted strain must be multiplied to 
equal the actual strength of the material, or of the structure. 

Experiments and theory combine to teach that the factor of 
safety should not be taken as small as 2. See articles 19, 166, 
167, and 168. 

Beyond this the factor is somewhat arbitrarily assumed, de- 
pending upon the ideas of the engineer. For instance, the fol- 
lowing values were given to the Commissioners on Railway 
Structures, in England.* > 

Messrs. May and Grissel 3 

Mr. Brunell 3 to 5 

Messrs. Rasbrick, Barlow and others 6 

Mr. Hawkshaw. . .' 7 

Mr. Glyn 10 

The following values are also given by others : — 

Fcbctors, 

Bow, for wrought-iron beams 3.5 

Weisbach, for wrought iron f 3 to 4 

Vicat, for wire suspension bridges more than 4 

Eankine, for wire bridges l^^^^fy f ^7 l^t 

' ^ (moving load 6 to 8 

Til. 1 . . T. 'J ^„ i for posts and braces 5 to 6 

Fmk- iron - truss bridges i - *^ , . , , ^ 

( for cast-iron chords 7 

Fairbaim, for cast iron beams X 5 to 6 

C Shaler Smith, compression of cast iron 5 

K^nkine and others, for cast-iron beams 4 to 6 

Mr. Clark in Quincy Bridge, lower chord 6 to 7 

Washington A. Roebling, for suspension cables 6 

Morin, Vicat, Weisbach, Rondelet, Navier, Barlow, and 
many others say that for a wooden frame it should not 

be less than 10 

For stone, for compression 10 fx) 15 

From the experiments which are recorded in Article 170, 
Fairbairn deduced the following conclusions in regard to beams 

♦ Civ. Eng. and Aroh. Jonr. , Vol. xxiv; p. 327. 
f WeiBbach, Mech. and Eng. VoL 1, p. 201. 
. X Fairbaim, Cast and Wrought Iron, p. 58. 
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and girders, whether plain or tubular. * " The weight of the 
girder and its platform should not in any case exceed one-fourth 
the breaking weight, and that only one-sixth of the remaining 
three-fourths of the strength should be used by the moving load." 
According to this statement the maximum load, including the 
live and dead load, may equal, but should not exceed, 

of the breaking load. Hence the factor of safety must not be less 
than 2.66 when the above conditions are fulfiUfed. This value 
is, however, evidently smaller than is thought advisable by most 
engineers. 

The rule adopted by the Board of Trade, England, for rail- 
road bridges is f " to estimate the strain produced by the greatest 
weight which can possibly come upon a bridge throughout every 
part of the structure which should not exceed one-fifth the idti- 
mate strength of the metalP They also observed that ordinary 
road bridges should be proportionately stronger than ordinary 
railroad bridges. 

176. RAT^ONAii liimiT OF SAPKTT. — ^It is cvidcut that 
materials may be strained any amount within the elastic limit. 
Their recuperative power — ^if such a term may properly be 
used in connectipn with materials — lies in their elasticity. If that 
is damaged the life of the material is damaged, and its powers 
of resistance are weakened. As we have seen in the preceding 
pages, there is no known relation between the coeflBcient of elas- 
ticity, and the ultimate strength of materials. The coeflScient of 
elasticity may be high and the modulus of strength comparatively 
low. In other words, the limit of elasticity of some metals may 
be passed by a strain of less than one-third their ultimate 
strength, while in others it may exceed one-half their ultimate 
strength. We see, then, the unphilosophical mode of fixing an 
a/rhitrary modxdus of safety^ or even a factor of safety^ when 
they are made in reference to the ultimate strength. But an 
examination of the results of experiments shows that the limit 
of elasticity is rarely passed for strains which are less than one- 
third of the ultimate strength of the metal, and hence, according 

* Civ. Eng. and Arch. Jour., Vol. xxiv., p. 329. 
f Civ. Eng. and Arch. Jour., Vol. xziv., p. 236. 
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to the views of the engineers given in the preceding article, 
ihsifdctoT of safety is generally safe. But if the limit of elas- 
ticity were definitely known it is quite possible that a smaller 
factor of safety might sometimes be used.* 

This method of determining the limit has been recognized by 
some writers, and the propriety of it has been admitted by many 
practical men, but the difficulty of determining the elastic limit 
has generally precluded its use. The experiments which are 
necessary for determining it are necessarily more delicate than 
those for determining the ultimate strength. 

There is also a slight theoretical objection to its use. The 
limit of elasticity is not a definite quantity, for it is not pos- 
sible to determine the exact point where the material is over- 
strained. But this is not a fatal objection, for the limit can be 
determined within small limits. 

In regard to the margin that should be left for safety, much 
depends upon the character ot the loading. If the load is 
simply a dead weight, the margin may be comparatively small ; 
but if the structure is to be subjected to percussive forces or 
shocks, it is evident, as indicated in articles 19 and 171, that 
the margin should be comparatively large, not only on account 
of the indeterminate effect of the force, but also on account of 
the effect of such a force upon the resisting powers of the 
material. In the case of railroad bridges, for instance, the 
vertical posts or ties, as the case may be, are generally subjected 
to more sudden strains due to a passing load, than the upper 
and lower chords, and hence should be relatively stronger. 
The same remark applies to the incliued ties and braces which 
form the trussing; and to any parts which are subjected to 
severe local strains. 

The frames of certain machines, and parts of the same 
machines, are subjected to a constant jar while in use, in which 
cases it is very diflScult to determine the proper margin which 
is consistent with economy and safety. Indeed, in such cases, 
economy as well as safety generally consists in making them 

* James B. Eads, in his Report upon the lUinok and 8t Lovia Bridge^ for 
1871, states that he tested samples of steel which were to be nsed in that 
stnictaie, which showed limits of elastic reaction of 70,000 to 93,000 pounds 
per square inch. / 
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excesswdy strong, as a single breakage might cost much more 
than the extra material necessary to fully insure safety. 

The mechanical execution of a structure should be taken 
into consideration in determining the proper value of the mfir 
gin of safety. If the joints are imperfectly made, excessive 
strains may fall upon certain points, and to insure safety, the 
margin should be larger. No workmanship is perfect^ but the 
elasticity of materials is favorable to such imperfections as 
necessarily exist ; for, when only a portion of the surface which 
is intended to resist a strain, is brought into action, that por- 
tion is extended or compressed, as the case may be, and thus 
brings into action a still larger surface. But workmanship 
which is so badly executed as to be considered imperfect 
would fail before all its parts could be brought into bearing. 

176« BXAMPIiBS OF STRAINS THAT HATK BBEN USED 

IN PRAOTi€Ai< CASKS. The margin of safety that has been 
used' in various structures may or may not serve as guides 
in designing new structures. If the margin for safety is so 
small that the structure appears to be insecure and gives indi- 
cations of failure, it evidently should not be followed. It 
serves as a warning rather than as a guide. If the margin 
is evidently excessively large, demanding several times the 
amount of material that is necessary, for stability, it is not a 
guide. Any engineer or mechanic, without regard to scientific 
skill or economy in the use of materials, may err in this direc- 
tion to any extent. But if the margin appears reasonably safe, 
' and the structure has remained stable for a long time, it serves 
as a valuable guide, and one which may safely be followed 
under similar circumstances. Structures of this kind are 
practical cases of the approximate values of the inferior limits 
of the factors of safety. The following are some practical 
examples : — 
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IRON TRUSSED BRIDGES. 



ITAME OF THE BBIXWX. 



Passaic (Lattice) 

Place de TEurope (Lattice) . . » 

Canastota (iV. r. C. B. R.) (Lattice) 

Newark Dyke ( Warren Girder) 

Boyne Viaduct (Lattice) 

Charring Cross (Lattice) 

St. Charles, Mo. (WhimU Tru8%) * 

Louisville, Ky. (Fink Truss) 

Keokuk and Hannibal f 

Quincy Bridge % 

Kansas City Bridge § 

Hannibal Bridge (Quadranguiar Truss) I . 



TENSION. 


COMFBESSION. 


Tona 
per square inch. 


Tons 
per square inch. 


5ito6 
4 
5 
5 
5 
5 


4ito5^ 

at 
4 

5 

4 


Ponnds 
per square inch. 


Pounds 
per square inch. 


12,000 

7,000 to 12,000 

9,251 

10,000 

11,375 

Factor of safety, 5 


12,000 
i to 1 the strength 

8,962 
Factor of safety, 5 

711 
Factor of safety, 5 



WOODEN BRIDGES. 



NAME OF THE BBIDOE. 


MAXUHTM STRAIN. . 


Cumberland Valley R. R. Bridge 


635 pounds per square inch. 


Portage Bridge (iV. T, <& E. M. E.) 


Factor of safety 20. 







* R. R. Oaaette, July 8, 1871, p. 169. 

t R. R. Gazette, July 15, 1871 , p. 178. Pivot span 376 feet 5 inches ; longest 
pivot span yet constructed. 

X Report of Chief Engineer Claris 

§ Calculated from the Report of Chief Engineer O. Chanute, pp. 106 and 
136. 

I The tensile strength of the material ranged from 55,000 lbs. to 65,000 
lbs. per square inch. — R. R. Gazette, July 15, 1871, p. 169. 
15 
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THE RESISTANCE OF MATEBL/LLS. 



CAST-IRON ARCHES." 



KAMK OF THE ABCH. 


SPAK. 

Feet. Inches. 


TEBSED SIME. 

Feet. Inches. 


BTKAIN 

FEB SQUABB 

XKCH IN TONS. 


Austerlitz 


106 
153 2 
102 5 
137 9 
197 10 
120 


10 7 
16 1 

11 4 

15 

16 5 
20 


2.78 


Oarrousal 


1.46 


St'. T)OT»is a ..... . 


1.37 


Nevers 


1.90 


Rhone 


2.37 


Wf^fftminRter. 


3.00 







STONE ARCHES.f 



r- 

HAME OF THE ABCH. 


.a 

1 


1- 

.S 

1 


Pressure per 
square inch in 
pounds at the 
key. 


Factor of safety '■ 
at the point of 
greatest strain. 


Wellinflrtoii 


100 
120 
128 
140 
147 
152 
200 


15 
85 
82 
35 
18 
38 
' 42 


- 175 
151 
172 
244 
293 
215 
349 


11 3 


Waterloo (9 Archtfi) . . . 
Neuilly 


20.0 
11.6 


Taaf(/Sfcw«A JFo^).... 
Turin 


8.0 
10.2 


London 


14.0 


Chester 


8.6 







CAST-STEEL ARCH. 



1 

* 

NAME OF ABCH. 


SPAN. 

Feet. 


FACTOB 
OF SAli'ETT. 


TlliTioip ftud St. Louifi Bridofe 


515 


6+t 





* Irwin on Iron Bridges and Roofs. 

f Cresy^s Encydopsedia. 

% Report of the Engineer, p. 88. 
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l! 



SUSPENSION BRIDGES. 



NAMB OF THE BBIDOB. 



Menai , 

Hammersmith , 

Pesth , 

Chelsea , 

Clifton 

Niagara 

Suspension Aqueduct, Pitts- ) 
buigh, Pa. 7 spans, each, ) 

Cincinnati Bridge) 

East River 

Highland (proposed) 



QQ 



580 
422i 
666 
384 

702i 
821 

160 

1,057 

l,600f 

1,665§ 



§1 



%r 



4.21 
5.38 
5.01 
4.36 
2.90 
6.70 



9.1 



• • • • 



OQfe-fi 

am 



8.00 
9.36 
8.11 
8.07 
5.03 
8.40 



11.7 



\- 



t 



o 

u 



3.9* 

3.3* 

3.9*. 

3.9* 

6.4* 

5.3t 

4.0 
6 2 
6.0 
6.0 



TUBULAR BRIDGES. 





t~M^'\A M^tJ* ■ 








BBAS, 

Feet. 


FOB WEIGHT OF BBIDCOK 
AND LOAD. 


27AHX OF BBn>GE. 


Tension. 
Tons. 


Compsesslon. 
Tons. 


Conwav * 


400 
460 

. • • 


6.85 
3.00 
4.75 


5.03 


"RritRTiTiia (nA-ntral PPff"). ....... t* ...... ^ . 


■ • • • 


Penrith (Tubular Girder). 


4.25 















* Tensile strength, 70,000 lbs. per square inch. 

f Tensile strength, 100,060 lbs. per square inch. 

X Engineer's Report. Suspending ties, factor of safety, 8, 

§ Jour. Frank. List., vol Lxxxvn., p. 165. ^ 

I Report of the Chief Engineer, J. A. Roebling. 
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STONE FOUNDATIONS. 





VACTOB or SAPETZ. 


Pillars of the Dome of St. Peter's (Borne) 


16 


** " '* St PnxiVs (London) 


14 


** " ** St. Geneviere (Paris) 


7.6 


Pillars of the Church Touissaint (Angers) 


10 


Merchants^ Shot Tower (Baltimore)* 


4.8 


Lower courses of Britannia Bridge 


81 


Lower courses of the Piers of Neuilly Bridge (PaHs) 

Foundation of St. Charles' Bridge (Missouri) 


15.8 
12 to 14 


Foundations of East River Bridgef 


10 to 20 



177, PROOF I.OAD. The proof load is a trial load. It 
is intended as a practical test of a theoretical structure. 

It generally exceeds the greatest load that it is ever intended 
to put upon the structure. Some structures, especially steam 
boilers, are subjected to excessively severe trial strains, often 
being two or even three times that to which they are to be 
subjected in actual use. " This is done," they say, " to insure 
against failure." But such severe strains do no good, and 
often do great damage, for they may overstrain the material 
and thus weaken it. For instance, if a structure is proportioned 
to carry 10,000 pounds per square inch, but on account of the 
imperfection of the material or imperfect workmanship, some 
point is required to carry 20,000 pounds per square inch ; and if the 
structure is tested to 20,000 pounds per square inch, that point 
would be obliged to carry nearly 40,000 pounds per square inch, an 
amount which it might not be able to sustain for a long time. 
We say nearly 40,000 pounds; for it should be remembered that 
where the workmanship is imperfect, thereby throwing greater 
strains on certain points than was intended, the elasticity of 
the materials permits those members to be compressed or 
extended more than they otherwise would be, and thus tends 



* Strength of materials, J, K. WhUdin, p. 2S. 

f " In the stone work the pressures vary from 8 to 26 tons per square foot. 
Stone used is granite, selected samples of which have borne a crushing strain 
of 600 tons per square foot. Some will not bear over 100 tons per square foot. 
The general average is necessarily much less than ^at of the best specimens. " 
— Statement of the Chief Engineer^ WaMngton A, Boebling, 
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to bring into action the other members which at first were 
more lightly strained. In this way there is a tendency to bring 
about an equilibrium of strains on all those parts which were 
calculated to carry equal amounts. 

According to the principles which have been discussed 
in the preceding pages, it is evidently better for the struc- 
ture, and should be more satisfactory, to apply a moderate 
proof load for a long time than an excessive one for a short 
time. 



APPENDIX I. 



PRESERVATION OF TIMBER. 

(The Oraduating Them of Mr. H. W. Lewis, of the class of 1866, and more 
recently engineer on the Missouri Valley Railroad, forms the basis of this 
article. I have added to it such new matter as I find in the Oraduating TJims 
of Mr. A. B. Raymond, of the class of 1871. — Author.) 

1. THE OIPORTANCE OF THIS SUBJECT may be shown by many familiar 
examples in practical life. 

Although iron is coming more and more extensively into use, yet the amount 
of wood which is used at the present time in mechanical structures, and which 
will, in the nature of things, be used for a long' time to come, is enormous. 
For instance: in 1865 there was sold in Chicago alone 900,000,000 pieces of 
lath, 2,000,000,000 of shingles, and 5,000,000,000 feet of lumber.* 

In the matter of railroad ties alone, any process which could be easily and 
cheaply applied, which would double their life, would literally save millions to 
the country. This may be shown by an approximate calculation, thus : — Al- 
lowing only 2,000 sleepers to the mile, at a cost of fifty cents each, and admit- 
ting that the average life of American sleepers is only seven years, f and that 
it costs t^ cents to treat each tie in some way so as to make it last fourteen 
years, then the saving at the end of seven years is $600 per mile, ^or ten 
cents at compound interest at ten per cent, for seven years amounts to twenty 
cents, which from fifty cents leaves thirty cents as the net saving on one ; and 
on 2,000 it amoimts to $600. 

There are in thel United States about 45,000 miles of railroad ; and hence, 
if the above conditions could be realized of all of them, the annual saving 
would be about $3,400,000 ! Other uses of timber would show a correspond- 
ing saving. 

2. CLASSIFICATION OF CONDITIONS.— Timber may be subjected to the 
following conditions : — 

It may be kept constanUy dry ; at least^ praeticaUy. 

It may be constantly wet in fresh water. 

It may be constantly damp. 

It may be altematdy wet and dry. 

It may be constantly wet in sea water, 

3. TIMBER KEPT CONSTANTLY DRY will last for centuries. The roof 
of Westminster Hall is more than 450 years old. In Stirling Oastle are carv- 
ings in oak, well preserved, over 300 years old ; and the trusses of the roof of 

* ffunts Merchanta'* Magaztne. 

t New American CyclopecUa^ voL ziii, p. 784. 
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the Basilica of St. Paul, Rome, were sound and good after 1,000 years of 
service.* The timber dome of St. Mark, at Venice, was in good condition 
850 years after it was built, f 
Artificial preseryatives seem to be nnnec^essaiy under this condition. 

4. TIMBER KEPT CONSTANTLY WET IN FRESH WATER, under such 
conditions as to exclude the air, is also yeiy durable. The pillars upon which 
dwellings of the Canaries rest were put in their present place in 1402, and 
they remain sound to the present Ume.X The utensils of the lake dwellings 
of Switzerland are supposed to be at least 2,000 years old.g 

The piles of the old London Bridge were sound 800 years after they were 
driven. The piles of bridge built by Trajan, after having been driven more 
than 1,600 years, were found to be petrified four inches, the rest of the wood 
being in its oidinazy condition. § 

Beneath the foundation of Savoy Place, London, oak, elm, beech, and 
chestnut piles and planks were found in a perfect state of preservation after 
having been there 650 years. § 

While removing the old walls of Tunbridge Oastle, Kent, there was found, 
in the middle of a thick stone wall, a timber curb which had been enclosed 
for 700 years.§ 

It is doubtful if artificial preparations would have prolonged the life of the 
timber in these cases. 

5. TIMBER IN DAMP SITUATIONS.— Timber, ia its native state, under 
these circumstances, is liable to decay rapidly from the disease called ''dry 
rot.** In dry rot the germs of the fungi are easily carried in all directions in 
a structure where it has made. its appearance, without actual contact between 
the sound and decayed wood being necessary ; whereas the communication of 
the disease resulting from wet rot takes place only by actual contact. The 
fungus is not the cause of the decay, but only converts corrupt matter into 
new forms of Uf e. | 

There are three conditions which are at our command for prolonging the life 
of timber in damp situations : — 

1st. Thoroughly season it ; 

2d. Keep a constant circulation of air about it ; and 

3d. Cover it with paint, varnish, or pitch. 

The first condition is essential, and may be combined with either or both of 
the others. 

By seasoning we do not mean simply drying so as to expel the water of the 
sap, but also a removal or change of the albuminous substances. These are 
fermentable substances, and when both are present they are ever ready, under 
suitable circumstances, to promote decay. The cellulose matter of the woody 
fibre is very durable when ngt acted upon by fermentation, and it is this that 
we desire especially to protect. 



* The Londoti Builder, yoL iL, p. 616. 

t Modern CarperUrt/y Silloway, p. 40. 

X Journal oflht Frank. Inst., 1870. 

% Modem Carpentry, Silloway, p. 39. 

II *' There is no reason to believe that fungi can make uae of organic componnds in any other than 
a state of decomposition.^^ — Carpenter^s Comp, PhyHologt/, p. 165. (See also EiicyclopcBdia Bri- 
tanica on this subject.) 
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. Unseasoned timber which is surrounded by a dead air decays yeiy rapidly. 
The timber of many modem constructions is tranedated from the forests and 
enclosed in a finished building in a few weeks, and unless it is subject to a free 
circulation of air it inevitably decays rapidly.* 

Thorough ventilation is indispensable to the preservation of even well-sea- 
soned naked wood in damp localities. The rapid decomposition of sills, sleep- 
ers, and lower floors is not Wrprising where neither wall-gratings nor venti- 
lating flues carry off the moisture rising from the earth, or foul gases evolved 
in the decay of the surface mould. In the close air of cellars, and beneath 
buildings, the experiments of Pasteur detected the largest percentage of 
fungi spores. Remove the earth to the foot of the foundation, and fill in the 
cavity with dry sand, plaster-rubbish, etc., or lay down a thick stratum of 
cement to exclude the water, and provide for a complete circulation of air, 
and lower floors will last nearly as long as upper ones.f 

A covering of paint, pitch, varnish, or other impervious substance upon un- 
dried timber is very detrimental, for by it all the elements of decay are re- 
tained and compelled to do their destroying work. The f oUy of oiling; paint- 
ing, or charring the surface of unseasoned wood is therefore evident. Owing 
to this blunder alone, it is no unusual thing to find the painted wood-work of 
older buildings conipletely rotted away, while the contiguous naked parts are 
perfectly sound. 

While an external application of coal tar promotes the preservation of dry 
timber, nothing can more rapidly hasten decay than such a coating upon the 
surface of green wood. But this mistake is often made, and dry rot does the 
work of destruction. % Carbonizing the surface also increases the durability of 
dry, but promotes the decay of wet timber. Farmers very often resort to 
one of the latter methods for the preservation of their fence-posts. Unless 
they discriminate between green and seasoned timber, these operations will 
prove injuiious instead of beneficial. 

There are numerous methods for promoting the process of seasoning. 
Some have in view simply drying^ a prooess which is important in itself, but 
which will not in itself prevent decay in damp situations unless the moisture 
be permanently excluded. Some dry with hot air, and some with steam. In 
the latter case, if the steam be superheated the process is very rapid, but it 
seems to damage the life of the timber. 

Others have in view the expulsion of the albuminous substance. Water-soak- 
ing the logs and afterwards drying the lumber, seems to be a Qheap and quite 
effectual mode. But there are many patented processes for securing this end, 
or for changing the albuminous substances ; and in many cases the latter end 
is not only secured, but the salts which are used act directly upon the cellulose 
and lignite of the wood, thereby greatly promoting its durability. 



* For an acoonnt of the rapid deetmction of the floors and joists of the Church of the Holy 
Trinity, Cork, Ireland, by dry rot, see Civil Engineer's Journal^ voL xii., p. 803. For an ac- 
count of the decay of floors, studs, &;c., in a dwelling, see the London Builder^ vol. vi., p. 84. 

*^In some of the mines in France the props seldom last more than fifteen months.** — Annalea 
des Mines. 

t 7%e Builder^ voL zi., page 46. 

% According to Col. Berrien, the Michigan Central Railroad bridge, at Niles, was painted, 
b^ore seasoning^ with " Ohio fire-proof paint,** forming a glazed surface. About five years after, 
it was BO badly dzy-rotted as to require rebuilding. 
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The following axe the principal processes which have been nsed:*-Mr. P. 
W. Barlow's patent* provided for exhausting the air from one end of the log, 
while one or more atmospheres press upon the other end. This artificial 
aerial circulation through the wood is prolonged at pleasure. However excel- 
lent in theory, this process is not practicable. 

By another method, the smoke and hot gases of a coal fire are conveyed 
among the lumber, placed in a strong draft. Some writers recommend the re* 
moval of the bark one season before felling the tree. All good authorities 
agree that the cutting shovid take place in the winter season,^ 

Kyan's process, which consists in the use of corrosive sublimate, was pat- 
ented in 1832. His specific solution^ was one pound of chloride of mercury 
to four gallons of water. Long immersion in the Uquid in open vats, or great 
pressure upon both solution and wood, in large wrought-iron tanks, is neces- 
sary for the complete injection of the Uquid. The durability of well kyanized 
timber has been proved, but the expensiveness of the operation will long for- 
bid its extensiye adoption. 

For ^^Bumettizing,"§ a solution of chloride of zinc — one pound of salt to 
ten gallons of water — ^is forced into the wood under a pressure of 150 lbs. per 
square inch. 

Boucherie employs a solution | of sulphate of copper one pound to water 
twelve and a half gallons, or pyrolignite of iron one gallon to six gaUons of water. 
He enclosed one end of the green stick in a close-fitting collar, to which is at- 
tached an impervious bag communicating through a flexible tube with an 
elevated reservoir containing the salt liquid. Hydrostatic pressure soon expels 
the sap at the opposite end of the log. When the solution makes its appear- 
ance also the process is completed. 

He finds the fluid will pass along the grain, a distance of 12 feet, under a 
lower pressure than is required to force it a^yrtm the grain, three-fourths of an 
inch. The operation is performed upon green timber with the greatest f a- 
oility.T 

In 1846, eighty thousand sleepers of the most perishable woods, impregnated, 
by Boncherie*8 process, with sulphate of copper, were laid down on French 
railways. After nine years' exposure, they were found as perfect as when laid. ** 
This experiment was so satisfactory that most of the railways of that empire 
at once adopted the system. We would suggast washing out the sap with 
water, which would not coagulate its albumen. The solution would appropri- 
ately follow. 

Both of the last-named processes are comparatively cheap. The manufac- 
turing companies of Lowell, Massachusetts, have an establishment for ^^Bur- 
nettizing " timber, ft in which they prepare sticks fifty feet in length. Under 

* dv. Eng. Joitr.^ vol. xix., p. 422. 

t Experiments detailed in the Cosmos show ooncluaively that winter-cnt pine is Rtronger and 
more durable than that cut at any other season of the year.— ^nn. 8c. Discovery for 1861, p. 846. 

** Oak trees felled in the winter make the best timber.''~7%e BuiUUr^ 1859, page 138. 

X CU>' Eng. Jour.y voL v., page 202. 

§ Civ. Eng. Joiir.^ vol. xiv., p. 471. Invented by Burnett in 1888. 

I Civ. Eng. Jour.^ vol. xx., p. 406. 

5 As a modification of this method he also cut a channel in the wood throughout the circumfer- 
ence of the tree, fitted a reservoir thereunto, and poured in the liquid. The vital forces speedily 
disseminated the solution throughout the tree. 

*♦ Jour, of the Frank. Inst,^ vol. xxxli., pp. 2, 8. 

tf New American Cyclopaedia. 
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a pressure of 125 pounds per square inch they inject from two to eight ounces 
of the salt into each cubic foot of wood. The cost, in 1861, was from $5 to 
$6 per 1,000 feet, board measure.* Boucherie^s method must be still cheaper. 
It costs less than creosoting by one shilling per sleeper, f 

An American engineer, Mr. Hewson, for injecting railroad sleepers, proposes 
a vat deep enough for the timbers to stand in upright. The pressure of the 
surrounding solution upon the lower ends of the sticks will, he thinks, force 
the air out at their upper extremities, kept just above the surface of the 
solution, after which the latter will ^se and impregnate the wood. In 1859 
he estimated chloride of zinc at 9 cents per pound, sulphate of copper at 14 
cents per pound, and pyrolignite of iron at 23 cents per gallon. He found the 
cost of impregnating a railway tie with sufficient of those salts to prevent 
decay, to be : for the chloride of sane 2 '8 cents, for blue vitriol 3*24 cents, for 
pyrolignite of iron 7*5 cents, j: 

By Earle's process the timber is boiled in a solution of one part of sulphate 
of copper, three parts of the sulphate of iron, and one gallon of water to 
every pound of the salts. A hole was bored the whole length of the piece 
before it was boiled. It was boiled from two to four hours, and allowed to cool 
in the mixture. 

Bingold and Earle invented the following process : — A hole was made the 
whole length of the piece, from ohe-half to two inches in diameter, and boiled 
from two to four hours in lime-water. After the piece was dried tiie hole was 
filled with lime and coal tar. Neither of these methods was very successful. 

A Mr. Darwin suggests that the piece be soaked in lime-water, and after- 
wards in sulphuric acid, so as to form gypsum in the pores. 

BethelFs process consists in forcing dead oil into the timber. This is called 
creosoting. § He inclosed the timber and dead oil in huge iron tanks, and sub- 
jected them to a pressure varying between 100 and 200 pounds per square 
inch, at a temperature of 120° F. about twelve hours. From eight to twelve 
pounds of oil are thus injected into each cubic foot of wood. Lumber thus 
prepared is not affected by exposure to air and water, and requires no painting. | 
A large number of English railway companies have already adopted the 
system. 1" Eight pounds of oil per cubic foot is sufficient for railway sleepers.** 

One writer has said that if creosote has ever failed to prevent decay, it has 
been because of an improper treatment, or because the oil was deficient in car- 
bolic acid. 

Sir^ Eobert Smirke was one of the first architects to use this process, and 
when examined before a Committee on Timber^ stated that this process does not 



* The Philadelphia, Wilmington and Baltimore Bailroad Company have used the process since 
1860 with complete success. The Union Pacific Bailroad Company have recently^ erected a lai^e 
bnilding for thitf purpose. Their cylinder is 75 feet long, 61 inches in diameter, and capable of 
holding S50 ties. They *' Bnmettize" two batches per day.— ^jvorf tm Pacific Bailroad^ by CoL 
Simpson, 1865. 

t J&uir. Frank, InM.^ voL zxziL, pp. 3, S. 

X Ibid-, vol. xxvii., p. 8. 

$ *' Creosote from coal undoubtedly contains two homologous bodies, CiaHeOa and Ci4H80a, 
the first being carbolic and the second crysllic acid.'* — Ure's Diet. qfArta^ Ifanu., ana Minea^ voL 
ii., p. 623. 

I Ure's Diet. o/Jfanu. and Minea. 

^ The Qreat Western, North-Eastern, Bristol and Exeter, Stockton and Darlington, Manchester 
and Blrminl^ham, aad London and Birmingham.— Uie^s Diet, of Mdnu. and Jfinea. 

^^ Jour. Frank. Inst.^ voL zliy.« pb S75. 
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diminiBh the strength of the material which U operated upon. He afterwards 
said, ^^ I cannot rot creosoted timber, and I have pat it to the eeverest test I 
could apply." 

The odor of creosote makes it objectionable for readences and public 
buildings. 

Hr. S. Beer, of New York City, invented a mode of preserving timber by 
boiling it in borax with water. But this process has been objected to on the 
ground that it is not a good protection against moisture. 

Common salt is known to be a good preservatiYe in many cases. According 
to Mr. Bates^B opinion,* it answers a good purpose in many cases if the pieces 
to which it is exposed are not too large. 

6. TIMBER AI/TERNATEIiY WET AND DRY.— The surface of all timber 
exposed to alternations of wetness and dryness, gradually wastes away, be- 
ooming dark-colored or black. This is really a slow combustion, but is com- 
monly called wet rot, or simply rot. Other conditions being the same, the 
most dense and resinous woods longest resist decomposition. Hence the su- 
perior durability of the heart-wood, in which the pores have been partly filled 
with lignine, over the open sap-wood, and of dense oak and lignum-yitss 
over light poplar and willow. Hence, too, the longer preservation of the 
pitch-pine and resinous ^^ jaxrah " of the East, as compared ¥dth non-resinous 
beech and ash. 

Density and resinousness exclude water. Therefore our preservatives 
should increase those qualities in the timber. Fixed oils fill up the pores and 
increase the density. Staves from oil-barrels and timbers from whaling ships 
are very durable. The essential oils resinify, and furnish an impermeable coat- 
ing. But pitch or dead oil possesses advantages oyer all known substances for 
the protection of wood against changes of humidity. According to Professor 
Letheby,f dead oil, 1st, coagulates albuminous substances ; 2d, absorbs and 
appropriates the oxygen in the pores, and so protects from eremacausis ; 3d, 
resinifies in the pores of the wood, and thus shuts out both air and moisture ; 
and 4th, acts as a poison to lower forms of animal and vegetable life, and so pro- 
tects the wood from all parasites. All these properties specially fit it for im- 
pregnating timber exposed to alternations of wet and diy states, as, indeed, 
some of them do, for situations damp and situations constantiy wet. Dead oil 
is distilled from coal-tar, of which it contains about .30, and boils between 
390° and 470'' Fahr. Its antiseptic quality resides in the creosote it contains. 
<One of the components of the latter, carbolic acid (phenic acid, phenol), 
CiaH«03, the most powerful antiseptic known, is able at once to arrest the de- 
cay of every kind of organic matter4 Prof. Letheby estimates this acid at i 



* Beport of the Gommissioner of A^cultare. t Civ. Eng. Jour. , voL xxHi., p. S18. 

$ " I have ascertained that adding one part of the carbolic acid tofivethoiuand parts of a strong 

solution of glue will keep it perfectly sweet for at least* two years. Hides and 

skins, immersed in a solution of one part of carbolic acid to fifty parts of water, for twenty>fonr 
hours, dry in air and remain quite sweet ^' — ^Prof. Grace Galvert, Ann, Sc Disoov. , 1866, p. 66. 

"Garbolic acid is sufficiently soluble in water for the solution to possess the power of arresting 
or proventing spontaneous fermentation. Saturated solutions act on animals and plants as a ▼iru-> 
lent poison, though containing only fiye per cent, of the acid/' — Civ. Eng. Jour. , vol. xxli., p. S16. 

'-*' Parasites and other worms are instantly killed by a solution contaiiiing only ona-lydf per cent. 

of acid, or by exposure to the air containing a small portion of the acid By 

examining the action on a leaf, we find the albumen is coagulated. All animals with a naked skin, 
and those that live ij»^ water, die sooner than those that ttve in air and have a solid anrelope.^ — 
Dr. I. Lemaire, Ann, Sc Disoov. , 1866, p. 238. 
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to 6 pet cent, of the oil. Ohzynlic acid OuHflOa, the homologue of carbolic 
acid, and the oth^ component of creosote, is not known to possess preservative 
properties. 

Greosotiag, or Bethell's process, is the most valuable of all the well-tried pro- 
cesses in this case. For railway sleepers eight pounds of oil per cubic foot of 
timber is sufiBloient.''' If the timber is dry, a coating of coal-tar, paint, or resin- 
ous substance, is valuable. 

A Mr. Heinmann, of New York City, proposes the following process, which 
appears to be very promising ; — 

The sap is first expelled and then the timber is injected with common rosin. 
The latter is introduced while in a liquid state, under high pressure, while in 
vessels especially constructed for the purpose. 

In an experiment made by Prof. Ogdeo, one cubic foot of green wood ab- 
sorbed 8.96 pounds of rosin, while a cubic foot of well-seasoned wood absorbed 
only 2.66 pounds. The strength of the timber was increased by this process, 
as is shown by the following experiment : — 



Wood tbeated with 


Hoanr. 


Wood in its Naturai^ State. 


Breakinf? 






Breaking^T 






Weight. 


Quality. 


Grain. 


Weight. 


Quality. 


Grain. 


Founds. 






Pounds. 






163.5 


Checked. 


Straight. 


98.5 


Sound. 


Slant. 


193 


Sound. 


(( 


103.0 




(( 


171.5 


(< 


• 


116.0 




Straight. 


72.5 


Checked. 


Cross. 


57.5 






57.5 


(4 


Slant. 


46.00 






57.5 


(( 


u 


46.0 






121.0 


(( 


u 


71.0 






155.5 


u 


Cross. 


84.0 







It is found by experiment that wood thus treated is not as flammable as air- 
dried wood. This is accounted for from the fact that a kind of inflammable 
slag is deposited over the surface immediately after the rosin begins to bum.' 

The chief advantages which are claimed for this method are more theoretical 
than practical, as it has not yet had sufficient time to test its practical merits, 
and it may, like many other processes, disappoint the hopes of its strongest ad- 
vocates and weU-wishers. 

7. TIMBBR CONSTANTLY WET IN SAI^T WATER.— We have not tO 
guard against decay when timber is in this situation. Teredo navalis, a mollusk 
of the family TubicoUria, Lam , soon reduces to ruins any unprotected sub- 
marine construction of common woods. We quote from a paper read before 
the ^^ Institute of Civil Engineers,'^ England, illustrating the ravages of this 
animal : — 

'^ The sheeting at Southend pier extended from the mud to eight feet above 
low- water mark. The worm destroyed . the timber from two feet below the 



* Jour* Frank. Insti , vol. xliv.^ p. 275. 
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Borfaoe of the mud to eight feet above low-water mark, tprmg-tide ; and out of 
88 fir-timber piles and varions oak-timber piles, not one remained perfect after 
being np only three years/^ * Specimens of wood, taken from a yessel that 
had made a voyage to Africa, are in the museum, and show how this rapid de- 
struction is effected. ' 

*^ None of our native timbers are exempt from these inroads. Robert Stephen- 
son, at Bell Bock, between 1814 and 1843,f found that green heart oak, beef- 
wood, and bullet-tree were not perforated, and teak but slightly so. Later 
experiments show that the ^^ jarrah " of the East, also, is not attacked.} The 
cost of these woods obliges us to resort to artificial protection. 

** The teredo never perforates below the surface of the sea-bottom, and proba- 
bly does little injury above low-water mark. Its minute orifice, bored across 
the grain of the timber, enlarges inwards to the size of the finger, and soon be- 
comes parallel to the fibre. The smooth circular perforation is lined through- 
out with a thin shell, which is sometimes the only material sepetrating the ad- 
jacent cells. The borings undoubtedly constitute the animal^s food, portions 
of woody fibre having been found in its body. § While upon the surface only 
the projecting siphuncles indicate the presence of the teredo, the wood within 
may be absolutely honey-combed with tubes from one to four inches in 
length. 

^^ It was naturally supposed that poisoning the timber would poison or drive 
away the teredo, but Eyan^s, and all other processes employing solutions of 
the salts of metals of alkaUne earths, signally failed. This, however, is not 
surprising. The constant motion of sea- water soon dilutes and washes away 
the small quantity of soluble poison with which the wood has been injected. 
If any albuminate of a metallic base still remains in the wood, the poisonous 
properties of the injection have been destroyed by the combination. More- 
over, the lower vertebrates are unaffected by poisons which kill the mammals. 
Indeed, it is now known that certain of the lower forms of animal life live and 
even fatten on such deadly agents as arsenic. | 

*^Goating8 of paint or pitch are too rapidly worn away by marine action to be 
of much use, but timber, thoroughly creosoted with ten pounds of dead oil 
per cubic foot, is perfectly protected against teredo navalis. All recent au- 
thorities agree upon this point. In one instance, well authenticated, the mol- 
lusk reached the impregnated heart-wood by a hole carelessly made through the 
injected exterior. The animal pierced the heart-wood in several directions, 
but turned aside from the creosoted zone.^ The process and cost of ^* creo- 
soting" have already been discussed.'' 

A second destroyer of submarine wooden constructions is limnoria terebrans, 
(or L. perforata. Leach) a moUusk of the family Assellotes, Leach, resembling 
the sow-bug. It pierces the hardest woods with cylindrical, perfectly smooth, 
winding holes, ^Vth to i^th of an inch in diameter, and^about two inches deep."** 
From ligneous matter having been found in its viscera, some have concluded 
that the limnora feeds on the wood, but since other moUusks of the same ge- 

♦ Civ. Eng, Jour.^ vol. xii., p. 388. 

t The Builder for 1862, p. 611. 

X Cto. Eng. Jour., vol. xx., p. 17. 

$ dv^ Eng. Jour., vol. xli., p. 882. Also Diet* Univ. <3CHiat. Natur. tome xii. 

I BritUth and Foreign MedlocU Retiiew, 

^ Civ. Eng, Jour., vol. xii., p, 191. 

♦* Dict4 Unto. dCHist, Natur. 
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nus, Pholas, bore and destroy stone-work, the perforation may serve only for 
the anlmars dwelling. The lumnoria seems to prefer tender woods, but the 
hardest do not escape. G-reen-heart oak is the only known wood which is not 
speedily destroyed.* At the harbor of Lowestoft, England, square fourteen- 
inch piles were, in three years, eaten down to four inches square, f 

While all ag^ee that no preparation, if we except dead oil, has repelled the 
limnoria, an eminent engineer has cited three cases in which that agent afford- 
ed no protection, j: 

, We do not find that timber impregnated with water-glass has been tested 
against this subtle foe. The experiment is certainly worthy of a trial. 

A mechanical protection is found in thickly studding the surface of the tim- 
ber with broad-headed iron nail& This method has proved successful. Oxy- 
dation rapidly fills the interstices between the heads, and the outside of the 
timber becomes coated with an impenetrable crust, so that the presence of the 
nails is hardly necessary. 

In conclusion, we cannot but express surprise that so little is known in this 
country concerning preservative processes. Their employment seems to excite 
very little interest, and the very few works where they are being tested at- 
tract hardly any attention. Those railroads which have suspended their use 
assign no reasons, and those upon which the timber is injected publish no re- 
ports concerning the advantages of their particular methods. Even the Na- 
tional Works, upon which Kyan^s process was formerly employed, have laid it 
aside, and now subject lumber to dampness and alternations of wetness and dry- 
ness, without any preparation beyond seasoning. When sleepers cost fifty 
cents and creosoting thirty cents each, it is cheaper to hire money at seven per 
cent., compound interest, than to lay i\ew sleepers at the end of seven years. 
Allowing any ordinary price for the removal of the old and laying down the 
new ties, the advantage of using Bethell^s process seems evident. If some 
cheaper method will produce the same effects, the folly of neglecting aU means 
which aim at increasing the durability of the material is still more palpable. 



* do. Enff, Jour. , vol. xxr., p. 206^ 
t Ibid., voL xvL, p. 76. 
X Ibid., vol. xxT., p. S06. , 
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8. THE FOIXiOWINO 16 A SUMIHARY of the different processes that have 
been invented from time to time, with the names of their inventors : — 



Names of Inventore. 



BetheU 

Kyan 

Margery 

Bnmett 

Ransome 

LeGras 

Margary 

Payne ■! 

Bouchere -J 

Gremini 

Heinmann. 

Earle 

Ringold 

Tregold 

S. Beer 

Dorset and Blythe 

Hating and ( 

Boutigny ( 

Vemet 



Chemicals Used. 



Creosote, or pitch-oil 

Chloride of mercury 

Sulphate of copper 

Chloride of zinc 

Liquicf silicate of potacsa 

Manganese, lime, and creosote . . 
Solution of acetate of copper. . . . 
Sulphate of iron, carbonate of ) 

soda ) 

Pyrolignate of iron, sulphate j 

of copper ( 

Tar 

Rosin, or colophony 

Sulphate of copper w . . . 

Lime 

Sulphate of iron 

Borax 

Same as Bouchere •] 

Oil of schist, tar, pitch, and [ 

shellac ) 

Arsenic 

Salt .., 



Manner of using them. 



By injection. 



u 

a 
a 

it 
u 

n 



boiling. 






By means of a vacuum and 

injection. 
By immersion, and by fire 

or burning. 
By saturation. 
External application. 
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TABLE 

Of the Mechanical Properties of the Materials of Construction. 



Note. — ^The capitals affixed to the numbers in this table refer to the following authorities : — 



B. Barlow. Report of the Commissioners of 
the Navy, etc. 

Be. Bevan. 

Bn. Buchanan. 

Br. Belidor, Arch. Hydr. 

Bru. Brunei. 

C. Couch. 
CI. Clark. 

D. Darcel, Annales for 1858. 

D. W. Daniell and Wheatetone. Report on 
the stone for the Houses of Parliament. 

E. Eads. 

F. Fairbaim. 

G. Grant. 

H. Hodgkinson. Report to the British Asso- 
ciation of Science, etc. 

Ha. Haswell. Eng. and Mech. Pocket-Book, 
1869. 

J. Journal of Franklin Institute, vol. XIX., 
p. 461. 

K. Kirwan. 



Ki. Kirkeldy. 
La. Lam6. 

M. Mischembroe(^k. Introd. ad. Phil. Nat. 1. 
Ma. Mallet. 
Mi. Mitis. 
Mt. Mushet. 
Pa. Colonel Pasley. 
R. Roudelet. L'Art de Batir, IV. 
Ro. Roebling. 

Re. Rennie. Phila. Trajis., etc. 
8. Styffe. On Iron and Steel. 
T. Thompson. 
Te. Telford. 

Tr. Tredgold. Essay on the Strength of Cast 
Iron. 
W. Watson. 
Wa. Major Wade. 
Wn. Wilkinson. 



* Calculated from tiie experiments of Fair- 
baim and Hodgkinson. 



Names op Matebials. 



Metals. 



AntimcMiy — 

Cast 

Bismuth 

Brass — 

Cast 

Wire-drawn. 
Copper — 

Cast 

Sheet 

Wire-drawn. 

In Bolts 



Iron, 
Cast Iron, 



Old Park 

Carron, No. 2— 

Cold Blast.. 

Hot Blast. . . 
Carron, No. 8— 

Cold Blast.. 



441-62 
440-37 

443-87 
Hot Blast I 441-00 

16 



9 « 

§.2 

^8 



281-25 
613-87 

626-00 
634-00 

637-93 

649-06 
560-00 



It 



1,066 M. 
3,250 M. 

17,968 Re. 



19,072 
32,184 
61,228 
48,000 



16,683 H. 
13,505 H. 

14,200 H. 
17,775 H. 



boa 



BO 



10,304 Re. 
29,272 Re. 



106,375 H. 
108,540 H. 

115,442 H. 
138,440 H. 



§grt 
It 



48,240 T. 

38,566 H. 
37,603 H. 

86,980 F.* 
42,687 F.* 



fl >fr£ 

OH 



9,170,000 
14,280,000 



18,014,400 T. 

17,270,600 H.* 
16,085,000- H.* 

16,246,966 F. 
17,873,100 F. 
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TABLE— CmUnued. 



Names of MATEBiiLa. 



Iron, 
Cast Iron, 

Dev<m, No. 8 — 

ColdBlaat 

Hot Blant 

Biiffery, No. 1 — 

ColdBlaat 

HotBlagt 

Coed Talon, No. 2— 

Cold Blast 

Hot Blast 

Elalcar, No. 1— 

ColdBlaat 

MQton, No. 1— 

Hot Blast 

Muirkirk, No. 1 — 

ColdBlaat 

Hot Blast 

Morris Stirling's 3d qnaUtj. 

(See also p. 6S.) 
Gan Metal — 






American. 



Extra Specimens. 



Steel, 

Hammered Cast Steel, from 

F. Krupp 

Tempered 

Bessemer Steel, from Hogbo, 

marked 10 

Bessemer Steel, Eng. Mean of 

f onr experiments 

Naylor, Vickers & Co. Cruci- 
ble Steel 

Mushet's Steel- 
Soft 

Cast Steel- 
Soft 

Not Hardened 

Mean Temper 

Bazor Tempered. 

Steel Wire Hope — 

Fine Wire 

Cast Steel 



Wrought Iron, 



English. 
In Ban. 



Hanunered 

Bnssian *,.. 

Swedish, in bars 

English, in wii« 1-10 inch 

diam 

Bussian, in wire; diam. 1-2U 

tol-80inch 









466-93 
451 81 

443-48 
437-87 

434-06 
436-60 

439-37 

436-00 

444-66 
434-56 



595-00 



486-87 
488-70 
492-50 
486-26 



490-00 



481-20 
475-50 
487-00 



29,107 H. 

17,466 H. 
13,434 H. 

18,865 H. 
16,676 H. 



25,764 



\ 



91,000 )„ 
122,000 f ^• 
171,000 S. 

^40,945 S. 

88,415 F. 
108,099 F. 

93,616 F. 
120,000 



150,000 

40,000 Ro. 
242,100 
See page 25. 



57,800 La. 
57,300 La. 

67,200 Bra. 

60,480 La. 

71,680 R. 

80,000 Te. 

96,000 Te. 
134,000 La. 
208,000 La. 



P« 



OS 

h 



'% 



146,436 H. 

93,366 H. 
86,397 H. 

81,770 H. 
82,739 H. 



119,000 



14,000 . 

to 
34,000 Wa. 
45,970 Wa. 



225,668 F. 
225,668 F. 



198,944 Wa. 
881,985 Wa. 



\ 



See page 63. 



86,288 H.* 
43,497 H* 

87,603 H.* 
85,316 H.^' 

83,453 F.* 
83,696 H.* 

34,587 F.* 

29,889 F.* 

36,693 F.* 
83,860 F.* 



} 



43 • 

•Sis 



22,907,700 H. 
22,473,660 H. 

15,381,200 H. 
13,730,500 H. 

14,313,500 F. 
14,322,500 F. 

13,981,000 F. 

11,974,500 F. 

14,003,560 F. 
13,294,490 F. 



27,648,000 Wa. 



31,359,000 S. 

31,819,000 S. 
29,216,000 F. 
30,278,000 F. 
31,901,000 F. 

29,000,000 



8 
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TABLE— Cmiinued. 



TSjSsnsB OF Matebials. 



Wrought Iron, 

Boiled in sheets and cut cioes- 

wiae 

Gat lengthwise 

In chains, oval links, iron X 

in. diam . . . ; 

Wire, American 

Lake Superior and Iron 

Mountain Charcoal Bloom. 

Idissouri Iron, bar 

Tennessee, bar, 31 exp 

Salisbury, Ct., 40 exp 

Centre Co. Fa., 15 exp 

Phillipeburgh Wire, Pa. 

(0-333 in., 13 exp... 

Diam.-< 0.190 in., 5 exp.... 
I 0.166 in., 5 exp.... 

Mean of 188 rolled bars 

Mean of 167 plates length- 
wise 

Mean of 160 plates crosswise. 
Low Moor, bars 

Swedish, forged 



O ^ 

id 



I 

tH.9 



5h 



i' 






^(4 



Iron, 



Hammered Bessemer 
from Hogbo 

Low Moor Boiled Puddled 
Iron 

Boiled Iron, Swedish, char- 
coal heath 



Lead, cast, English. 
Lead Wire 



Silver, standard. 

Tin, cast 

Zinc 



40,820 Mi. 
81,860 Mi. 

48,160 Br. 
73,600 Ha. 

90,000 Ha. 
47,909 J. 
52,099 J. 
68,009 J. 
68,400 J. 

84,186 J. 
73,888 J. 
89,162 J. 
57,557 Ki. 

50,787 Ki. 
46,171 Ki. 
60,864 Ki. 
41,000 Ki. 
50,000 Ki. 






Stone— Natdbal asd Abti- 
nciAL. 

Oranitea, 



Aberdeen, blue 

Cornish 

Killinvy, very felspathic. 
Mount Sorrell, granite. . , 



717-46 
705- 12 

644-50 

466*68 

439-26 



65,000 S. 

1,824 Be. 
2,581 M. 

40,902 M. 

6,322 M. 



S 






SanOstonea, 

Caithness Pavement 

Dundee Sandstone 

Derby Grit, a red, friable 

Sandstone 

Do. from another quarry. . 

Limestones, 

Limestone, Magnesian (Graf- 
ton, lU.) 



164 
166 



166 



168 

148 
166 



10,914 Be. 
6,856 Be. 
10,780 Wn. 
12,286 F. 



6,498 Bn. 
6,630 Be. 

3,142 Be. 
4,346 Be. 



17,000 E. 



82,520,000 S. 
81,976,000 S. 
27,000,000 S. 



4,608,000 Tr. 
18,680,000 Tr. 



Same as Wt. 
Iron. E. 
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TABLE— Continued, 



Names ofMatebials. 



Idmeatonei, 

Limestone, compact 

Limestone, Kerry, Listowel 

Quarry, Eng 

Chalk 



Other Stones. 

Alabaster (Oriental), white . . 

Marble, statuary 

Do. white Italian, veined. 
Do. black Galloway. ..... 

Portland Stone (Oolite) ...... 

Valcntia, Kerry (slate stone).. 

Green Stone, from Giant's 
Caaseway 

Quartz Rock, Holyhead (across 
lamination) 

Quartz Bock (parallel to lami- 
nation) 

Gravel 

Green Moor 



Artificial Stone, 



Brick, red ^.... 

Brick, pale red 

Brick, common 

Bire Brick, Stourbridge 

Brick, Stock 

Bricks set in cement (bricks 
not very hard) 



Brick Masonry, common , 



Cement, Portland, with sand. 



Cement, Portland, with no 
sand 



Cement, Portland. 

Chalk 

Glass, Plate 



Mortar. 



TiMBEB. 



Acacia, Enghsh 

Alder 

Apple Tree 

. . J Ordinary state. 

-^^IVery dry 

Bay Tree 

Bean, Tonquin. 



Beech -f O'd^a'T- 



O IS 



162 



no 



165 
168 
151 



120 
168 



135-5 
130-31 



116-81 
153-31 

107 



47-37 
5000 
49-56 
43-12 
55-81 
51-37 
67-51 
53-37 
45-12 



►.an 






280 
300 



j 92 to 
1284 D. 

(427 to 
1711 



9,420 



50 



16,000 Be. 
14,186 M. 
19,500 Be. 

!• 17,207 B. 

12,896 



15,784 B. 
17,850 B. 



r 



1^ 

6 KB 



7,713 Re. 

18,043 Wn. 
501 Re. 



8,216 Re. 
9,681 Re. 
9,219 Re. 
8,792 Re. 
10,943 Wn. 

17,220 Wn. 

25,500 Ma. 

14,000 MA. 

2,010 Re. 



u 



808 Re. 

562 Re. 

800 to 

000 Ha. 
1,717 Re. 
2,177 Ha. 

521 CI. 

500 to 
800 Ha. 



[ 1,000 to 
! 5,900 G. 

334 Re. 



120 to 
240 Ha. 



6,859 H. 

8,683 H. 
9,368 H. 
7,158 H. 



7.733 H. ) 
9,368 H. i" 



no 

a _ 

•as 
II 



ifA 



1,062 
2,664 



11,202 B. 



} 12, 



156 B. 



20,886 B. 
9,336 B. 



-g-s 

OS 



25,200,000 T. 



1,152,000 B. 

"1,644,800 B. 

2,601,600 B. 
1,353,600 B. 
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TABLE— Cmtinued. 



Names ov Materials. 



TlUBEB. 



Biroh, common 

Birch, American 

Box, dry 

Bullet Tree ^erbice).. 

Cane 

Cedar, Canadian 

Crab Tree.; 

Deal- 
Christiana Middle. 
Norway Spruce... 

English 

Bed 

White. 

Elder 

Elm, seasoned 

Fir- 
New England 

Higa 

Hazel 

Lance Wood 

Larch — 

Green 

Dry 

Llgnum-vitBB 

Mahogany, Spanish. . . 

Maple, Norway 

Oak- 



English. 



Canadian 



Dantzio 

Adriatic 

African Middle. . . 

Pear Tree 

Pine- 
Pitch 

Red 

American Yellow. 

Plum.Ti«e 



Poplar 

Teak, dry. . . 

Walnut 

WiUow, dry. 



ti.2 



49-50 

40-50 
60-00 
64-31 
25-00 
56-81 
47-80 

48-63 
21-25 
29-37 



43-48 
86-75 

84-56 

47-06 

68-75 
63-87 

32-62 
85-00 
76-25 
50-00 
49-56 

58-87 

64-50 

47'24. 

62-06 
60-75 
41-81 

41-25 
41-06 
28-81 

49-06 

28-93 

41-06 
41-93 
24-87 



5* 



•|.9 

h 



15,000 
i'9,89i*BV 



6,300 Be. 
11,400 Be. 



12,400 

17,600 

7,000 



10,280 
13,489 M. 



( 11,649 to 
i 12,857 B. 

18,000 Be. 

24,696 

10,220 B. 
8,900 B. 
11 800 M. 
16,500 
10,584 

17,80a M. 

10,253 
12,780 



7,818 M. 



11,851 

7,200 

15,000 B. 

8,130 M. 

14,000 Be. 



II-' 



( 4,533 H. I 

1 6,402 H. S 

11,663 H. 

10,299 H. 



5,674 H. 
6,499 H. 



5,748 H. 

6,741 H. 

8,467 H. 

10,331 H. 



5,748 to 
6,586 H. 



8,201 H. 
5,568 H. 

8,198 H. 



j 4,684 to 
1 9,E09 H. 
(4,231 to 
1 9,509 H. 



7,518 H. 



5,375 H. 
5,445:H. 
3,657 to 
9,367 H. 
8,107;to 
5,124 H. 
12,101 H. 
6,635 H. 



P*« 



"5 ^ 
SP3 



10,920 B. 
9,624 B. 

15,636 B. 



9,864 B. 



6,078 B. 

6,612 B. 
6,648 B. 
7,572 B. 



4,992 B. 
6,894 B. 



10,032 B. 

10,596 B. 

8,742 B. 

8,298 B. 

18,566 B. 



9,792 
8,946 B. 



14,722 B. 



lis 



1,562,400 B, 
1,257,600 B. 

2,610,600 B. 



1,672,000 B. 



699,840 B. 

2,191,200 B. 
1,828,800 
869,600 B. 



897,600 B. 
1,052,800 B. 



1,451,200 B. 

2,148,800 B. 

1,191,200 B. 

974,400 B. 

2,283,200 B. 



1,225,600 B. 
1,840,000 B. 
1,600,000 Tr. 



21,414,400 B. 
806,000 



ERRATA. 



i( u 



Page 14, line 9, for P = 13, 984,000^ = 2,907,432,000^, read, 

P = 18,934,000y - 2,907,432,000^^- 

" 22, " 5, for ef% read, <fe«. 

** " *' at the middle of the page, for EesUicmoe of Prisms, read, Resi- 

lenee of Prisms. 

2EK EK 

" 10 from the bottom, for — r-'^^ read? ~T^^' 

8, for ezponetials, read, exponentials. 
" 10, for rods <?r rivet iron, read, rods of rivet iron. 
2, for No. 1, read. No. 2. 
8 from the bottom, for x, read, y. 

at the bottom of the table, for Mean 6852, read, 685*2. 
15, for equation (26), read, equation (24). 
1, for 82, read, 86. 
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